SOLVTIgN <

Math 353 Midterm Exam - October 14, 2016

Name:

Instructions: You may not use any notes, hooks, caleulators, ete... It is ok if your final answers
include binomial coeflicients.

1. (50 points) Short answer, little or partial credit.

a. Write down the standard Young tableaux of shape A = (3,2).
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b. A class of 20 students wishes to elect a president, 3 senators and 3 representatives (all different
students). IJow many ways are there to do this?
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¢. In how many ways can 20 identical balls be placed in 4 distinet, cups so that each cup contains

an odd number of balls?
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d. State the recurrence relation satisfied by the binomial coefficients C(n, k). Alsofind 3 _,C(n, k).
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e. Calculate the Stirling number S(6, 3).
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f. What is counted by the Stirling number of the first kind s(n, k)?
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g. How many partitions of 8 are there with exactly 3 parts? State a “balls in boxes” problem

that this is a solution to.
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h. A five-card poker hand is dealt. What is the probability of getting a full house {e.g. AAAKK,
3 of a kind and a pair).
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i. Consider the permutation 351462 in one-line notation. Find the corresponding pair (I, ) of
standard tableaux under the Robinson-Schensted algorithm.




2. (15 points) Reecall that a bridge hand contains 13 cards and there are 52 cards in the deck so
there are a total of (fg) bridge hands. A hand is said to contain a void if it does not have cards
from all four suits. Calculate the probability that a random bridge hand contains a void.
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3. (15 points) Recall that pg(n) counts the number of partitions of n with less than or equal to
k parts. Give a combinatorial proof that

pe(n) = pr_1(n) + pe(n — k).
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4. (20 points) a. Define the Catalan number Cy.
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b. State two things that are counted by C,.
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¢. State the recursion satisfied by the Catalan numbers.
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61, Nowecrossing (complete) matchings on 2n vertices, i.c., ways ol conneet-
ing 2n points in the plane lying on a orizontal line by # nonintersecting
aves, cach arc connecting two of the points and lying ahove the points,
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d.
Let M, be the number of noncrossing complete matchings on 2n vertices {(defined above from

Stanley's book). The diagram above shows that M3 = 5. Prove that A, = C,,.
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