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Math 461/561 Midterm Exam - October 20, 2015

1. {20 points) Complete the following:

a. Let L be a Lie algebra. The derived subalgebra L' is - -+

L= o {3 luyel 5

b. For L a Lie algebra the center Z(L)is «--
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¢. Let ¥ be a module for a Lie algebra L. Say V is indecomposable if - -
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2. (20 points) True or false. If false, give a counterexample.

/" a. The image of a Lie algebra homomorplism is an ideal.
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E b. Suppose L is a solvable Lie subalgebra of ¢gl(V). Then every element of L is upper

triangular.
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Ehe normalizer N, r(A) of a subalgebra A in L is the largest subalgebra of L in which A

is an ideal.
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d. Every nilpotent Lie algebra is solvable.

F e. Lie’s theorem holds over an algebraically closed field of characteristic p.
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3. (15 points) Let L be a dimension three Lie algebra and suppose I = [L, I]. Prove (from scratch,

not using the classification we did in class!) that L is simple. Hint: Consider homomorphic images
of L.
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4. (15 points) Let L be a Lie algebra. Suppose I is an ideal of L such that the quotient L/I
is nilpotent and such that for each 2 € L, the map adz : I — T is nilpotent. Prove that L is

nilpotent.
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5. (10p nt)Slp V 1(2(3) odule. Suppose further there is 0 # v such that h-v = Av.
Prove that e either 0 o tfhtlglA+2
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6. (10 points) Let V = &}_, S; be an s{(2,C) module where each S; is irreducible. Let Wy be the
0 eigenspace for b, ie. Wo={veV|h v= 0.} Similarly let Wj be the 1 eigenspace. Prove that
r = dim Wy + dim W;. Hint: What are the eigenvalues of h in the irreducible representation Va?
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7. (10 points) Suppose L is a Lie algebrd such that Z(L) N L' # 0. Prove that L has no faithful
irreducible representations.
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