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ORDERABLE SUBSPACES OF CECH-REMAINDERS!

Scott Williams?

In 1963 I. Parovidenko obtained the following: Assume
the continuum hypothesis. The space (]I¢2)¢ 18 homeomorphic
to a dense subspace of Bw-w [Pal. Subsequent improvements
and extensions of this theorem were presented in [CNl],
[HN], and [Sm]. In each case we find (1) a set-theoretic
hypothesis known to be consistent with and independent of
ZFC is assumed, and (2) the dense subspace of the Cech-Stone
remainder is orderable (i.e., homeomorphic to a linearly
ordered topological space). There is, however, a related
theorem in ZFC: If X is a realcompact, locally compact,
non-compact space of t-weight at most ¢, then BX-X possesses
a dense subspace the pre-image of an orderable space under
a perfect irreducible map [Wi2]. 1In this paper we now pre-

sent

1.5. The following are mutually consistent with the
axioms of ZFC: 3 a P-point; 3 an wl-scale; if X 18 a
locally compact, non-pseudocompact space, then BX-X has no
dense orderable subspace. (Thus establishing the [Wi2]

result as "best possible" in ZFC.)

2.5. Assume 3 a strong Px-point and 3 a k-scale. If

X 28 a paracompact, locally compact, non-compact first

1In part, this paper was conceived while its author was
an NRC-Ford Foundation Senior Postdoctoral Fellow (1980-81).
The results were presented at the Annual A.M.S. Winter Meet-
ings (San Francisco; January 1981) and at the Annual Spring
Topology Conference (Blacksburg, Virginia, March 1981).
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countable space, then BX-X contains a dense orderable sub-
gpace. (Compared to the [Sm] theorem, our assumptions are

much weaker and their consequences much stronger.)

3.1. The continuum hypothesis i8 equivalent to the
statement: If X i8 a o-compact, locally compact, non-compact
separable space, then BX-X has a dense orderable subspace.

(This contains the converse to the [CNl] theorem.)

3.2. The following are mutually consistent with the
axtoms of ZFC: w1<¢; 3 an ml—scale; if X 28 a locally
compact, non-compact metrizable space of weight at most ¢,
then (1'[wl2)wl embeds densely into BX-X. (This approximates

the [CNl1l] theorem without CH).

0. Conventions

0.1. We assume ZFC. All ordinals and cardinals have
the von Neuman definition so 2 = {0,1} and 0 < 1 < 2. 1If
o is an ordinal, W, is the o'th ordinal (while w = wo).
f* denotes the inverse relation of a function f. For sets
X and Y, xY is the set of functions from X to Y, but if X
is a cardinal k we write exp (k) for K2. When X is a set
|X| is the cardinality of X. If X is a set and k is a
cardinal, then

X1° = {¥ c x: |¥| = «}.

<K

([x] and [X]2X are defined similarly.) So ¢ = |exp (w) | =

| lw]®].

0.2. Additional axioms: CH is the hypothesis ¢ = wy

and MA is Martin's axiom. 3 a P-point is the statement:
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there is a free ultrafilter u on y satisfying

(1) {Un: nEw} ¢ u = 3 Ueu, |U-Un| < w V ney.

For a regular uncountable cardinal x<¢, 3 a strong Px-point
is the statement: there is a function A: x - [w]® satisfying
(2) A(k) generates a free ultrafilter, and

(3) p<v<k = |A(V) - A(W) ]| < w.

A strong P-point is a strong Pwl-point (the ultrafilter
generated by A). For an uncountable cardinal K<¢, 3 a
k-scale is the statement: there is a function s: « - %y
satisfying

(4) re Y =3 vk, |{n€w: s(v)(n) <r(n)}| < w, and

(5) u<v<k =» |[{new: s(v)(n) < s ()} < w.

(See [He] and [Ru] for more on scales.)

0.3. In most cases it is superfluous to consider a

space to be less than T, and normal, so we assume all spaces

1

have these properties. If X is a space, int, and clx (or

X
just int and c¢l) denote the interior and closure operations.
We denote (with no confusion about zero sets) Z(X) for the
lattice of closed subsets of X, and BX for the space of
ultrafilters in Z(X). For a subset A of X we set A* =
(cZBX(A)) - X. We abbreviate nbhd for (not necessarily
open) neighborhood, and for x € X, the point-character is
X(x,X) equal the least cardinality of a base for a nbhd
system at x. A m-base for a space (X,1) is any cofinal
subset of the poset (1-{¢},2). For a collection {X(v): v<k}
of spaces we use II{X(v): v>k}, or I{X(v)), for the
Tychonoff product of the spaces; the projection maps are

T,e Objects like Ilexp (k) should offer no confusion. When
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(X,7) is a space and k is a cardinal, (X)K is the space
generated from the union of 1 with the set of all inter-

sections of less than « many open sets.

0.4. Order: Suppose X is a space made orderable by
a linear ordering <; further, suppose « =(nais a regular
cardinal. Then X is called (traditionally from [Si]) an
n,-set if for every AxB c XxX such that inf{|a|,|B|} < « and
a<b v (a,b) € AxB, we may find an x € X with a<x<b v (a,b)
€ AxB. An n -set X is called a true n -set if A(x,X) = W,
¥x € X, When « = w, is regular, an example of a true na-set

is (Hexp(K))K. The canonical na—set is the space

({feMlexp (k) : £ is constant on a final segment of K})K.

1. No Dense Orderable Subspaces

A standard result in topology shows that the only
dyadic spaces possessing a dense orderable subspace are the
continuous image of the Cantor set. From that result we

isolate a property having varied applications.

1.1. A family 9 of subsets of a topological space
will be called independent whenever
(1) .k e 19 and int (N € el WA
implies Jn K # 8.
An independent family ¢ will be called bounded whenever
2y |9 » sup{|y|+: J < 9 and either int(ng) # @ or

el (U] # X}.

1.2. Lemma: Suppose that a space X has a bounded

independent family of clopen sets. Then every orderable
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subspace of X 18 nowhere dense.
Proof. By way of contradition, we suppose D is a
dense orderable subspace of a non-empty open set G of X
and that ¢ is an unbounded independent family of clopen sets
of X. For a given x € D we use DeMorgan's laws to determine
another such family
9(x) = {I€ 9: x€ I} U {X-I: x ¢ I € 9}.
Since D is a linearly ordered topological space, we may also
find regular cardinals X and p, and order preserving injec-
tions £: X - D and g: p + D whose images are cofinal,
respectively, in
{y € D: y < x}and{y € D: x < y}.
We therefore have a map h: 9(x) » Axp satisfying
(1) {d € D: (f°ﬂth)(I) <d < (goﬂp°h)(I)} c I for each
I€d(x.
If « is a regular cardinal, |[Axp| < k < |9(x)|, then
we may find (a,B) € Axp so that |h*(a,6)| = k. From (1) we
£ind int (nh¥(a,B8)) # g (since D is dense in G). So, by

1.1(2), |9x)| < |axp

If 7 < 9(x) and |J| < A, then left-side of the equation
in (1) shows that int(nj) # #. Using the right-side, the
same conclusion is made when [7| < p. Since J(x) is un-

bounded, |9(x)| > |ixp].

1.3. The algebra for the simultaneous addition of
random reales (see [So] or [TZ, pg. 173]1): Let // be a
c.t.m. ZFC (for countable transitive model of ZFC). For a
set w € /1, B(w) designates the o-complete algebra of all

Borel sets of Il(exp (wxw). Generate a [0,l]-measure m on
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B(w) with the base
-«

™M (v,n)

(1)) = % V{v,n,i) € wxwx2,
For B,,B; € B (w) define the equivalence

(BO) = (Bl) if m((Bl-BO) v (BO-Bl)) = 0.
The desired algebra is the resulting quotient algebra, we
designate by Q(w). Q(w) is a measure algebra (and hence,
it is a c.c.c. complete Boolean algebra), so forcing with
it preserves cardinals. If w = @, Q(w) is the two element
algebra.

In the sequel /] is always a c.t.m. of ZFC. The lemma

is straightforward.

1.4. Lemma: Suppose w,k € fl and ¢ # w i K. Recursively,
on the Borel listing of B(w), define ¢: Q(w) + Q(x) beginning
with

€' V(8 ) = (i) V(n,n,i) € wxwx2
8T ) M o’ T ) ) o) nens :
Then (l). ¢ 18 a measure preserving isomorphism of Q(w)
onto its image in Q(k).
(2). If D is a dense set in Q(w), then D is a dense

set in Q(k).

1.5. Theorem: Suppose M| CH. If x € M i8 a regular

eardinal, kK>w and i1f G 18 a Q(k)-generic ultrafilter over

1°
M, then MG) E

(1). 3 a P-point.

(2). 3 an wl-scale.

(3). If X is a locally compact non-pseudocompact
space, then X* has no dense orderable subspace.

Proof. ad(l) is due to K. Kunen and P. E. Cohen (un-

published). ad(2) due to Solovay (see footnote in. [Hel),
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follows from [TZ, pg. 176-177].

ad(3). Suppose (in any model) X is a locally compact
non-pseudocompact space, then there is an open set Y of X*
the pre-image of w* under an open continuous surjection
[vDl]. Clearly, Y has a bounded independent family of
clopen sets whenever w* has one. So we will show w* has a
bounded independent family of clopen sets, and then apply
1.2 to Y.

For all (v,i) € kx2 we set

I(v,i) = {n€w: (n*(v’n) (1)) € G}.
For each £ € M n%(xxw) and r € A n exp(w),

(4). {(n;(n)(r(n))): n € w} is dense in Q(k) since
m(U{ﬂ;(n)(r(n)): n € w}) = 1.

Now suppose @ # F € [K]<m and s € exp (F) are such that

{(5). A =n{I(v,s(v)): v € F} € M
Then for every n€w-A we may find a v(n) € F satisfying

[n g I(v(n),s(v(n)))] € G.
If w-A is infinite, we may find a X € F so that

N=1{n€w:vin =2i}enn "
Therefore, NN I(A,s()A)) = . If w-A is finite, then
I(v,1-s(v)) is finite v v € F. However, for any v € k and
any finite {a(n): n € w} € A n [w]¥, we set, in (4)
f(n) = (v,a(n)) v n € w to see that v i € 2,

(6). {a(n) € I(v,i): n € w} € MG n [w]®.
So (5) is false, and, in particular A[G] E

(7). 9= {I(v,0)*: v < k} is an independent family
of clopen sets of w¥.

Now suppose v € M[G] n [|<]wl and A € A[G] n [w]®.
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From 1.4 there is aw € M n [k]¥ such that

[n € A] € Gw =GN Q(w) Vv n€ A.
So A € M[Gw]. As cardinals are preserved, we may find
aXx € Mn (v-w) such that I(x,i) ¢ MG, v i € 2 (note that
if 1(),1) € M[Gw], then

6, U {uln’y 1) ne 10,01}
extends Gw in Q, and so it is Gw' Thus, A € w.) Now apply
(6) with /M replaced by M[Gw] and k replaced by w U {A} in
order to see that

AN IO, €eGnowuy (AHIn v ie 2.
Therefore, [G] F

A* E N{I(v,i)*: v € vl v i€ 2,

Clearly, 9 is bounded.

We complete this section with a class of o-compact,
locally compact, non-compact, zero-dimensional spaces

whose remainders never possess a dense orderable subspace.

1.6. Example: For an uncountable cardinal k consider
the space

D(k) = (lexp(x)) X w.
If DIk)* has a dense orderable subspace, then Kk = Wy and 3
a strong P-point.

Proof. Set K = {(n (i)xw)*: (v,i) € k x 2}. Then
the intersection of any uncountable subset of £ has empty
interior in J(x)* [vDvM] (their proof is for k = ¢, but it
extends for our needs). Since {n:(O): v < k} is an (bounded)
independent family of clopen subsets of llexp (x),

9= {(nj(0)xw)*: v < «}
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is an independent family of clopen subsets of /J(x)*. From
1.2, 9 is not a bounded independent family. Therefore,
K= wg.

Now suppose x belongs to a dense orderable subspace D
of D(wl)* and, for symmetry, x € ng. Since int(n®) = g,
it is clear that X(x,D) = wy. Just like D(wl)*, D can have
no convergent sequences. Therefore, in D (consider the
A and k of 1.2), and, hence, in D(wl)*, X has a well-ordered,
by 2, nbhd base 0 = {0;: a < wl}. Via zero-dimensionality,
we may assume O N (Hexp(wl) x {n}) is clopen in Hexp(wl) x

{n} Vv (a,n) € w,xw. It is clear that

1

{{n € w: 0, N (exp (wy) x {n}) # #1*: a < w,}

1
is a linearly ordered, by 2, nbhd base for

(A € [w]“: (Hexp(wl) X A) € x} € w*,

1.7. Remarks:

(1). The reader should be warned that for w and k, as
in 1.4,

MGl # MmIQ(w) n Gl[Q(x-w) n GI.

In order to reach M[G] from M[Q(w) N G], one must first mod
out the new point of Q(w) in M[Q(w) N G]; namely, take
Q(k)/N, where N is the principle (in M[Q(w) N G}) ideal
complimentary to Q(w) n G,

(2). 1If, in 1.5, Q(k) is replaced by the Boolean
algebra of clopen subsets of lexp (kxw), known as the k-Cohen
poset [Bul], then 1.5(1) is true (see [Ro2]), 1.5(2) is false
(see [Rol] or [TZ, pg. 177]), and 1.5(3) is true using a

similar but easier argument (the # in (1) above is =).
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(3). Applying the long sought after P-point Independence
Theorem [Wm], an easier proof of 1.5(3) can be found. Just
modify the proof of 1.6 to show that: If there is a locally
compact non-pseudocompact space X such that X* has a dense

orderable subspace, then 3 a P-point (in w*).

2. Some Dense Orderable Subspaces

The purpose of this section is to exhibit dense orderable
subspaces from relatively weak set-theoretic hypotheses. The

first lemma makes it all easy.

2.1. Lemma [Wi2L 1.12 and 2.3]: Suppose Y ts8 a space
in which each non-empty Gg-set has non-empty interior, and
Y has m-weight at most ¢. If every element of Y has a well-
ordered, by o, nbhd base, then Y has a dense orderable sub-

space.

In order to guarantee that the subspaces we produce
are dense, we apply a construction, used to study normality
in box products implicitly due to Rudin, explicitly due to

Kunen (see [Ru] and [vD2]).

2.2. Definition: Suppose {X(n): n € w} is a collec-
tion of spaces. For f,g € I{X(n): n € w} define the
equivalence relation E(f) = E(g) if

|{n € w: £(n) # g(n)}| < w.

The nabla product, denoted by V{X(n): n € w} or WX(n))
{or Y if X(n) = Y V n € w), is the ensuing quotient set
topologized by the base of all sets of the form

WGn) )= {E(f): £ € T{G(n): n € w}},
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where G(n) is an open subset of X(n) V n € w. Obviously,
VG(n) is the open continuous image of the box product of

the X(n).

2.3. Lemma: Suppose X = U{K(n): n€w} Zs a space in
which K(n) 1is compact and K(n) ?_int(K(n+l)) VvV ne€ w. Then
there 18 an open continuous map

¥: o* x V(K(n+l) - K(n)) -» X*
with dense image.

Proof. Set X(n) = K(n+l) - K(n). For u € w* and
f € I X(n)) let

¥Y(u,f) = {2 € Z(X): {n € w: £(n) € 2} € u}.

Since each X(n) has compact closure in X,

(0, E(f)) = (u,E(g)) = ¥(u,f) = ¥(u,g) V u € u*.

On the other hand, ¥ partitions its image since ¥ (u,f) =
¥(v,g) implies u = v.
To see that ¥ is an open function, suppose Y € Z(X) -

Y(u,f). Then a 9&f

{n € w: £(n) € Y} € u.
Now {f(n): n € w} is a closed discrete subset of X, and X
is collectionwise normal. So we may define, recursively on
w, a family {H(n): n € w} of open sets of X satisfying
(1) n€ w=cl(YU {f(m: m# n} U (U{H(M): m < n})) <
int (X-H(n)), and
(2) n € A= f(n) € H(n).
Let 2 = ¢l (U{G(n): n € A}), where
X(n) N (U{H(n): n € w}) if n € A
G(n) =
X(n) if n € A.
From (1), Z N Y = @g. From (2), 2 € ¥(u,f). Allowing Y to

be arbitrary shows ¥(u,f) € X*. Further, A* x ¥(G(n)) is
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an open nbhd of (u,E(f)), and, from (1) and (2) we have (a
fact we use later)
(3) ¥Y(Aa* x W G(n) ) = ¥Y(w* x WX(n))) - (X - u{H(n):
neE wh*
is a ¥(w* x vV X(n)) - nbhd of ¥(u,f) missing Y*.
Therefore, ¥ is an open map.
To see that ¥ is continuous with dense image, we suppose
Z € Z(X) and z* # X*. Then set
B=1{n€ w: X(n) - Z # g} and
X(n) - 2 ifne€eB
0(n) =
X (n) if n ¢ B.
Since each K(n) is compact, B* # @. Checking the equation
YO (X*-2*) = (B*xW(0(n) ) U ((w-B)* x W(X(n)))

completes the proof.

The previous lemma was motivated by the following:
Assume 3 a k-scale. If X(n) is first countable v n € w.
Then every non-isolated point of V(X(n) ) has a well-ordered,
by o, nbhd base of order-type k [Will, [Ro2]. So one is
tempted to assume also that w* has a dense set of strong
Pk-points and stop with that, since ¥ is an open continuous

mpa. However, more effort produces a characterization.

2.4, Definition: Recall [Ba] that if u € w*, then the

ultraproduct over u of w many copies of w is the quotient

Vﬁw of “y (and v"w) obtained from the equivalence relation
Eu(f) = Eu(g) whenever {n € w: f(n) = g(n)} € u.

From [Bal, Vﬁw is linearly ordered by
Eu(f) < Eu(g) whenever {n € u: f(n) < g(n)} € u.
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2.5. Theorem: The following statements are equiva-
lent:

(1). 3 a strong Pwa-point u such that cf(Vﬁw,i) =W,

(2). If X is a first countable, paracompact, locally
compact space, then X* contains a dense true na—set.

(3). 3 a strong Pwa-point and an wa-scale.

Proof. For simplicity we set k = w, and note that
each of (1) and (2) imply « is a regular uncountable
cardinal at most ¢.

(1) » (2). First suppose X is not g-compact. An ele-
mentary topological fact has X as the topological sum of a
collection I of o-compact, non-compact spaces. If 2 is a
non-compact member of Z(X) whose compliment in X fails to
have compact closure, then 3§ € [Z]fw such that § - Z fails
to have compact closure in X vS € §. Since US is clopen
in X, (US)* is clopen in X*. Thus, (US)* - 2* is a non-
empty open subset of X*. So it is sufficient to prove the
theorem for each such US; however, § is g-compact and uJS*
is homeomorphic to BuS - uf.

Now suppose X is g-compact. Yet another elementary
fact allows us to put X = U{K(n): n € w}, where K(n) is
compact and K(n) i int (K(n+l)) v n € w. We set X(n) =
K(n+l) - K(n). Our plan is to apply 2.3 by showing
¥ (w*x9¢ X(n) )) has a dense set of points each of which have
a well-ordered, by =, nbhd base of order type «. With the
plan fulfilled, the result (1) = (2) is an immediate conse-
quence of 2.1.

An easy argument by recursion yields {UV: v <k}lecu

and {s : v < «} ¢ “w so that the following holds
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(4). (1) {Ucz v < «} is a well-ordered decreasing
nbhd base at u.

(ii) {Eu(sv): v < Kk} 1s cofinal in (Vﬁw,i), and
(iii) p<v<c = [{n € U : s, (n) < su(n)}l < w.

Now suppose E(f) € V(intx(x(n))) and for each n € u,
H(n,0) ¢ intyX(n) and {H(n,m): m € w} is a non-increasing
open nbhd base at f(n).

Then the set

(¥ (U*x¥(H(n,r(n)) ) : U€u, r e "

w}
is an open nbhd base in ¥ (w* x W X(n))) of ¥(u,f) (see the
comment in the third paragraph of the proof of 2.3). On
the other hand, given U € u and r € ww 3 v < k, from (i)-
(iii), such that Uc c U* and

[{n € U : s (n) < r(n)}| < w.
From the definition of vV,

W(Uc x V(H(n,sv(n)))) c ¥(U* x ¥(H(n,r(n))).
So the desired nbhd base at ¥(u,f) is

{W(Uc x V(H(n),sv(n))): vV < K}.
Finally, A* homeomorphic to w* VA € [w]® implies the set

P

{u € w*: u is a strong Px-point and cf(Vﬁw,i) = g}
is dense in w*. Therefore, Y (P x V(intx(X(n))) is the sub-
space we seek.

(2) » (1). We consider a test space X = (llexp (w)) X w.
According to (2) there is a z € X* with a well-ordered de-
creasing nbhd base {ZG: Vv < K} consisting of clopen sets
(since X is O-dimensional). Let u € w* be its trace on w*;
i.e.,

u={Uc€ [w]“ (lexp(w)) x U € z}.

Clearly, u is a strong Pk-point.
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For v < «k and n € w, set sv(n) = 0, whenever Zv n
(Texp (w) x {n}) = @, otherwise set sv(n) equal to

sup{m € w: 3i € 2, 2N (Tezp(w) x {n}) ¢ 7 (i) x {n}}.
Since Zv is clopen (or at least we can assume it is) in X,
s, € “u. Now if y < v, then Zv - Zu is compact. So

[{n € w: s, (n) < su(n)}| < w.
Therefore, {Eu(sv): v < k} is a non-decreasing subset of
(Vs <)«

For r € “w and i € 2, we set

Z(i) = u{m “(i) x {n}: n € w}

r(n)+1
Since X = Z(0) U Z2(1), 3j € 2 with Z2(j) € 2. So we find
V < K with Zc c Z(j)*. Since Zv - %(j) is compact,
{n € w: Zv N (Mexp(w) x {n}) # #}* = {n € w: r(n) + 1
< s, (m)}*.
Therefore, Eu(r) < Eu(sv).
(3) = (1) is obvious.
(1) = (3). As we have in (1) =» (2) obtain {Uv:
v < ¥} € u and {sv: v < k} e Yy satisfying (4). Fix v < «
and let {an: n € o} be the natural ordering of Uv' We
define r, € “w by rv(n) = sv(an). We show {rv: v < k} is
a k-scale.
Suppose that u < v < k. Then (4) (iii) implies there

is an a € w such that m € Uu and su(m) < sv(m) whenever

m>a and m€ Uv' So if a, > a, then ru(n) = Su(an) <
sv(an) = rv(n). Thus, {E(rv): v < k} is well-ordered in
7.

Suppose that r € ®s. Then (4) (1) and (ii) imply

there is an a € w and there are u < v < x such that
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Zn_ r{(m) < S (n) whenever n > aand n € U . So a_ > a
m=0 u = v n =

implies that r(n) < Su(an) < rv(n).

2.6. Corollary [Sm]: Suppose w* is not the union of
at most ¢ nowhere dense subsets. Then w* has a dense
orderable subspace.

Proof. The supposition implies (l1). 3 a strong
P¢-point (which, by itself, is sufficient) and (2). 3 a
¢=scale. ((1) is due to Hechler, unpublished. (2) is in

[BPS].)

2.7. Remarks: (l). J. van Mill informs me that while
studying an example space of the form K x w, where K is
compact, he discovered (unpublished) the map ¥ of 2.3.
However, he did not know the generality of 2.3 nor that, in

his case, the map Y is open.

Also prior to our work, E. K. van Douwen (unpublished)
discovered that a quotient of ¥ restricted to ultraproducts
(see 2.4 and [Ba]) becomes an embedding. He applies this
map to produce non-homeomorphic Parovié¢enko spaces possessing

dense orderable subspaces (also see [vDvM] and [Wi3]).

(2). The use of k-scales to study Cech-Stone remainders
is not new, see [Co] for example. The idea of replacing
k-scales with "ultraproduct scales,” in 2.4 and 2.5, came
from our proof (unpublished) that ¢ < wy implies o¥u+l is

paracompact (see [Ro2] and [Wil]).

(3). For the general theorem characterizing "x has a

dense orderable subspace" see [Wi4].
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(4). The "other" theorem of [CN1l] "If X is a realcom-
pact, locally compact, non-compact space of weight at most ¢,
then (x*)¢ and (Hexp(¢))¢ are homeomorphic" assumes CH but
remains true in the models provided in 1.5 and 1.7(2). On
the other hand, it is clearly false if 3 a strong PK-point
and k < ¢. 3.10 shows this, as well as 3 a x-scale, is con-

sistent.

3. Embedding (Il exp (&) ),(
The singular motivation for this entire paper is the
theorem of W. W. Comfort and S. Negrepontis [CNl] stated

as (1) = (2) below.

3.1. Theorem: The following statements are equivalent:

(1). CH.

(2). If X is a realcompact, locally compact, non-
compact space of weight at most ¢, them the (dense) subspace
of P-points of X* is homeomorphiec to (Hexp(¢))¢.

(3). IfXis a separable, o-compact, locally compact,
non-compact space, then X* has a dense orderable subspace.

Proof. (2) =» (3). A o-compact space is realcompact
and a separable space has at most ¢ regular-open sets.

(3) » (L). If w, < ¢, then D(wz)* has no dense ordera-

2
ble subspace (see 1.6).

Indeed, after we obtained our first results, the entirety
of §1, we set out to obtain the strongest possible approxi-
mation of 3.1(2) in the presence of wy < ¢. Of course,
3.1((3) = (1)) says the class of separable spaces is too

large; in fact, if there is no strong P-point, then D(wl)*
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rules out the spaces with point-character at most w On

1°
the other hand, if there is a strong P-point, then
((w2+l)xw)* has a P-point which is a not a strong Px-point
for any k. Yet another bound, for spaces with countable
m-weight, is provided by ((Bw)xw)*. Therefore, the authors
of [HN] presented a strong approximation with assume MA.

If X is a locally compact, non-compact metrizable space of
weight at most ¢, then the subspace of P¢-points of X* is

homeomorphic to (Hexp(¢))¢. For the remainder of this sec-

tion we present other approximations. Our major result is

3.2. Theorem: The following statements are mutually
econsistent with the axiome of ZFC:

(). wy < ¢

(2). If X is a locally compact, non-compact metrizable
space of weight at most ¢, then (]'[ear:p(ml))wl is densely
embedded in X*,

(3). If X is a paracompact, locally compact, non-
compact space of weight at most ¢, and if x(x,X) < wy Vx € X,

then the canonical nl-set 18 densely embedded in X*.

We present in [Wi5] a model where (1), (2), and (3)
hold; however, here we find conditions which simplify the
search for such a model. First, one should observe that a
reduction to the class of o-compact spaces is made possible
by the argument in the first paragraph of 2.5(1) = (2)

along with the following lemma due to Hung and Negrepontis.

3.3. Lemma [CN2, 15.3]: Suppose K is a regular un-

eountable non-weakly compact cardinal. A space Y is
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homeomorphic to (IIe:cp(K))K i1ff each of the following are
satisfied

(1). every element of Y has a well-ordered nbhd base
of order-type K.

(2). v v <k 3 Av an open partition of Y.

(3). IfA-= U{Av= v < k}, then

(1) every filter in A has non-empty intersection.
(1i) 9 € [A1° = n9e 4

(1ii) |A| < 2 and A is a subbase for Y.

From 3.3, the following is a direct consequence of an

equivalence proved in [vDl1l, 6.3].

3.4. Lemma: Suppose (llexp(K)) is densely embedded
in w*. If X is a realcompact, locally compact, non-compact
space of countable T-weight, then the intersection of less
than X many non-empty open subsets of X* has non-empty

interior.

3.5. Definition: For a regular uncountable cardinal
K < ¢, #(k) means the following statement is true: 3L a
dense subspace of w* and a{sv: v < x} e Yy such that L is
homeomorphic to (He:cp(n())K and {Eu(sv): v < K} 28 an in-

creasing sequence cofinal in (VSw,i) vu € L.
Observe that MA implies #(¢).

3.6. Lemma: Assume #(k). If X i8 a o-compact,
locally compact, non-compact metrizable space, then
(IIe:cp(K))K i8 densely embedded in X¥.

Proof. Following 2.5 we write X as the disjoint union
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of subspaces X(n), for n € w, where ol (X(n)) c el (int (X(n+l)))
is compact ¥n € w. Observe that for a given r € ww, v{X(n)»
has a m-base BAr consisting of all sets of the form W B(n) ),
where cZX(B(n)) c X(n) and B(n) is an X-open ball of radius
at most 1/r(n) vn € w.

Identify L with (Hezp(K))K. For v < k and t € exzp (v)
we set

R(t) = int 4lel ,({u € L: t = ulvh).
Since L c U{R(t): t € exzp(Vv)} Vv < k, we apply 3.4 to con-
struct, recursively Vv < k, families Rv and Av subject to
the restrictions:

(1). Wv consists of pairwise-disjoint clopen sets of
w* and cl(URv) = w*,

(2). R* € R, = 3t € exp(v) with R* c R(t).

(3). Av consists of pairwise-disjoint sets of X* having
form ¥ (R* x ¥ B(n))) where R* € Rv and W{B(n) ) € st,

(4). R* € R, = ¥Y(R* x (X(n) ) < ely, ({¥(R* x (B(n)))
€ A,D,

(5). Y¥(R* x(B(n))) € A = HW(R: x (Bu(n) N € Au Vi <V
with (U{eZ(B(n)): n € RH* c N{inty, ((U{B (n): n € R H*):

< vl}.

If we are careful to choose the right representatives R and
B(n), then the construetion is simple. Thus we omit the
details. Let A = u{4,: v < kl}.

Suppose M is a maximal filter in the poset (4,c), then
(3) implies M picks at most one member ¥ (R} x V(Bv(n)))
from any given Av' On the other hand, (4) and (5) imply M

picks at least one member from each Av. For each v < k find
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tv € exp(v) with R; c R(tv)‘ Since L is dense in w¥*,

PSV<K = R(tu) n R(tv) #F8=t c tv.

i
So t = U{tv: vV < k} € L. Further, since {R(tv): v < Kk} is
a nbhd base for t and since n{RS: v < Kk} is compact,
{RG: v < Kk} is a nbhd base for t. Set

zy = {2 € Z(X): {n € R,: cl(B (n)) n Z # g} € t vv < k}.
We show Zy € X*,

Since t € w*, z, contains no compact members of Z(X).

M

Thus it is sufficient to prove Wn Z € z, whenever W,Z € z

M M*
Suppose, by way of contradiction, Wn 2 ¢ Zye Then 3IA < K
such that T € t, where n € T iff cZ(BA(n)) nw#@g,
cZ(BA(n)) nNZzs# @, and cZ(BA(n)) nwnez-=4g. Since X(n)
has compact closure vn € w, we may define 4 € Yo by d(n) =1
if n ¢ T, and d(n) is the distance between cZ(BA(n)) nw
and cZ(BA(n)) N2 if n € T. From the assumption #(x) 3u,v,
A<p<v<k such that R; c R; N T* and

|{n € R,: d(n) < 2/su(n)}| < w.

From (3), W,2 € z, implies, on the other hand

M
{n € w: d(n) < 2/su(n)} € t.

As this is absurd, Wn Z € z, whenever W,2Z € z Thus,

M M®

z, € X*,

M
To complete the proof, set
D = {z,: M is a maximal filter in (4,2)}.

3.3 and {D n inty,(cly,(A)): A € A} show D and (Mexp (k)

are homeomorphic.

3.7. Definition: For a cardinal kK, an object familiar
to set-theorists is the complete binary tree of height K.

It is the poset



322 Williams

TREE (k) = (U{exp(v): v < k},c).
Obviously, a space Y has a n-base 8 (or rather (4,o)) iso-
morphic to TREE (k) whenever (H(eacp(K))K is densely embedded

in Y.

3.8. Lemma [Wi2]: w* has a wn-base isomorphic to
TREE(wl) tff X* has a m-base isomorphic to TREE(wl) for
each realcompact, locally compact, non-compaet space X of

n-weitght at most ¢.

3.9. Lemma: Assume #(w;). If X i8 a g-compact,
locally compact, non-compact space of m-weight at most ¢,
and if x(x,X) < w; Vx € X, then the canonical nl-set i8
densely embedded in X*.

Proof. Once again write X as a disjoint union
{X(n): n € w}, where each X(n) has compact closure. We
first show every point of W(LXV(intx(x(n))) has a well-
ordered, by o, nbhd base of order type wg -

Let (u,E(f)) € va(intx(x(n))). From 2.5 we have the
desired result if

{n € w: x(£(n),x(n)) < w} € u.

So we assume instead that

U= {n € w: x(£(n),X(n)) = wl} € u.

For each n € U fix an open nbhd base {H(n,v): v < wl} of
f(n) in intx(x(n)). For v < w, fix a bijection bv e Vu.
Now, given X < v and bv(A) <m€ U, we find

N{H(m,n) : bv(u) < m} c H(m, ).

So we set

G(v) = (U{n{H(n,p): bv(u) < n}: n € U})*,
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Then V¥ (u,f) € intx*(G(v)) Vv < w;. Further, i<u<k implies

G(v) N ¥ (LxWinty (X(n)))) 2 G(A) n ¥(LxWinty (X(n))))
and

G(v) ¢ n{(n{H(n,u): n € UN*: u < v}.
From the second paragraph of the proof of 2.3, we see that
the desired nbhd base is {G(v): v < wl}.

Now of course we chose the X(n) so that

X = cl(u{int(X(n)): n € w}).
Thus, the proof of 2.5 (via 2.1) shows Y{(LxW int(X(n))))
contains a dense true nl—set. In the same way one proves
a first countable space with a countable n-base and no
isolated points contains a dense copy of the rationals,
a simple modification in the Cantor-Hausdorff na—set theorem
[Si, 465-468], shows that a true na—set with a m-base iso-
morphic to TREE(wa) contains a dense copy of the canonical

na-set.

3.10. ZLemma: Suppose f] is a ctm ZFC and Mk w; < ¢
and K 18 a regular uncountable cardinal at most ¢. Then
there is a generic extension N of M such that N E

(1). ¢M = ¢N.

(2. 3 a k-scale.

(3). w* has a dense subspace homeomorphic to (Hexp(K))K.

Proof (sketch, the details will appear in [Wi5]).
# is constructed as the direct limit of a sequence
{mv: v < k} of generic extensions of /] where L<v<k = mu = mv'
At successor stages we use a c.c.c. poset P to

(i) add an s, € mv n s such that E(r) < E(sv)

w
Vr € mv_l n “w.
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¢M such that

. w
(i1) add an A € M, A, = [wl", [4]
fueM _; no*: A€ A, |A-U]l <wUE€u} is dense in

*
mv-l n w*,
P is found as follows. First choose a dense set D of

w* n mv—l with |D| = ¢, The elements of P will be all func-
tions ¢ with dom(¢) € [D]<w such that for each u € dom(¢),
¢(u) = (U,r,f) where U € u, r € “w n mv_l), and where f is
a function with dom(f) € [w]<w, ran(f) < w, and r(n) < f(n)
vn € dom(£f). P is to order by ¢ <y if dom(y) < dom(¢),
and if u € dom(y) has y(u) = (v,s,g) and ¢ (u) = (U,r,£f),
then

(a). UcV,

(b). s(n) < r(n) vn € w.

(c). dom(g) < dom(f).

(). n € dom(f) - dom(g) = n € V-U and s(n) < f(n).

The result follows from standard iterated forcing

facts (see [Rol], [Ro2]).

Proof of 3.2. 1In 3.10 let f/ F MA + ¢ = w,, and take

K = . Then #(wl) is true. Now apply 3.6 and 3.9.

3.11. Remarks: (1). Ideally, I would have liked in
3.2(2) to say "the subspace of all strong Pwl-points of X*
is homeomorphic to (Hexp(wl))wl." For that, however, I need
to release w, = wlgl from the hypothesis of [CN], 15.11(a)].

(2). A theorem in [BPS] together with a theorem in
[S1l] shows that when (He:cp(K))K is densely embedded in w*,
then k is the least cardinal of an unbounded family in

(Vﬁw,i). The latter is awfully close to cf(sz,i) = g for
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some u € w*; therefore, the second condition in the defini-
tion of #(x) may be superfluous.

(3). It is conceivable that the dense subspace D of
X* found in 3.6 is disjoint from ¥ (w*xV{X(n) )) whenever X
has no isolated points. In fact, applying the techniques
of [CS] we can make D to consist, in this case, entirely
of remote points of X.

(4). 3.9 contains the proof that W X(n) ) consists of
vx € X(n)

P-points of character w, whenever x(x,X(n)) = w

1 1
vn € w. We first discovered this fact while writing up
[will].

(5). It appears that in every model presented in this
paper, w* and X* are co-absolute whenever X is a first
countable, paracompact, locally compact, non-compact space

of m-weight at most ¢. However, the guestion: Are w* and

R* co-absolute, in ZFC, remains open. See [Wo] and [Wi2].
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