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Abstract

We show that if a knot exterior satisfies certain conditions, then it has finite cyclic coverings with
arbitrarily large numbers of nontrivial algebraic components in their SL(2,C) character varieties (Theorem
A). As an example, these conditions hold for hyperbolic punctured torus bundles over the circle (Theorem B).
We investigate in more detail the finite cyclic covers of the figure-eight knot exterior and show that for every
integer m there exists a finite covering such that its SL(2,C) character variety contains curve components
which have associated boundary slopes whose distance is larger than m (Theorem C). Lastly, we show that
given an integer m then there exists a hyperbolic knot exterior in the 3-shpere which has a finite cyclic
covering such that its SL(2,C) character variety contains more than m norm curve components each of which
contains the character of a discrete faithful presentation of the fundamental group of the covering space
(Theorem D). © 2002 Elsevier Science Ltd. All rights reserved.

1. Introduction

Throughout this paper, M will denote a knot exterior, that is a compact, connected, orientable,
irreducible, boundary-irreducible 3-manifold with boundary a torus. We shall call M hyperbolic if
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its interior admits a complete Riemannian metric of finite volume and constant negative sectional
curvature. A knot exterior is said to be small if it does not contain any closed, embedded, orientable
surfaces which are essential, i.e. incompressible and nonboundary-parallel. It is a consequence of
Thurston’s uniformisation theorem [26] and the torus theorem [17] that a small knot exterior is
either hyperbolic or admits a Seifert fibred structure whose orbit manifold is a disk and which has
two exceptional fibers.

For any finitely generated group I', we use R(I') to denote the set of representations of I" into
SL(2,C) [12]. This set can be regarded as a complex affine algebraic variety (in this paper a variety
may be reducible). The character of an element p € R(I') is the function

Yo T = C,  y,(y) = trace(p(y)).

The character of an irreducible (resp. reducible) representation is called an irreducible (resp.
reducible) character. If two representations are conjugate to each other, they have the same
character. The set of the characters of the representations in R(I"), denoted X(I'), is also a complex
affine variety, called the SL(2,C)-character variety of I' [12]. The natural surjective map t: R(I') —
X(I') which sends a representation to its character is regular. When I is the fundamental group of
space W, we shall denote R(I') by R(W) and X(I') by X(W).

Recent study has shown that X(M) contains a great deal of topological information about a knot
exterior M. In particular, it contains information about the manifolds obtained by Dehn filling M
along oM [26,12,21,7,2-4]. In this paper, we study X(M) as an algebraic variety. More specifically,
we examine how many and what kind of algebraic components X(M) can have. Of particular interest
to us, is the case where M is a small knot exterior, for in this case, X(M) has dimension 1 [7].

An algebraic component X, of X(I') is called nontrivial if it contains the character of an
irreducible representation and frivial otherwise. Since the character of a reducible representation in
R(I') is also the character of a diagonal representation, the number of trivial algebraic components
of X(I') can be easily determined from the first homology of I'. Thus, we shall concentrate on the
nontrivial components.

As an example, suppose that M is a knot exterior which admits the structure of a Seifert fibred
space with base orbifold %. Using the fact that an irreducible representation 7, (M) — SL(2,C)
factors through n5™®(%) (a product of cyclic groups), or a degree 2 extension of this group, it is not
difficult to determine the number of nontrivial algebraic components of X(M). However, when M is
a hyperbolic knot exterior, such a determination appears to be more difficult. The fundamental
groups of such manifolds admit discrete faithful representations to SL(2,C), which are irreducible,
and it was proven in Chapter 1 of [10] that any component of X(M) which contains the character
of such a representation is 1-dimensional. When M is the exterior of a hyperbolic twist knot in S3,
then one can deduce from [6] that X(M) has exactly one nontrivial component. The same is true for
the exterior of the ( — 2,3,7)-pretzel knot [ 1], or more generally the ( — 2,3, n)-pretzel (n odd) when
itis hyperbolic and n # 0 (mod 3) [19]. Examples of small hyperbolic knot exteriors with character
varieties containing at least two nontrivial algebraic components were obtained in [6,21,16,22];
they are the exteriors of certain 2-bridge knots in 2 (see also [19]). In this paper, we provide some
general methods for producing hyperbolic knot exteriors with a large number of nontrivial
algebraic components in their character varieties.

Given a slope o« on dM, we use M(x) to denote the manifold obtained by Dehn filling M with the
slope o. Note that there are natural inclusions R(M(x)) € R(M) and X(M()) = X(M).
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If a knot exterior M contains an orientable, properly embedded surface F with exactly
one boundary component which is essential on M, we call it a knot exterior with Seifert
surface. (M is with Seifert surface if and only if the composition H;(0M)— H;(M)—
H{(M)/Torsion(H(M)) is onto.) Given a knot exterior M with Seifert surface F, one can construct
the n-sheeted free cyclic cover M,, of M, dual to the surface F, for each integer n > 1. The boundary
of the Seifert surface in M, is called the longitudinal class of M, and will be denoted by 4,. In
Section 3 we will show

Theorem A. Let M be a small knot exterior with Seifert surface and consider a sequence of positive

integers 1 < a; <a, < -+ <a, < --- where each a; divides ay . Suppose that for each k > 1

(a) M,, is small knot exterior;

(b) the number of irreducible characters in X(M,, (1, )) is finite but increases to oo with k;

(c) no irreducible representation pe€ R(M, (1,)) = R(M,,) kills ©;(0M,,), i.e. p(n(0M,,)) is not
contained in { + I}, where I is the unit matrix in SL(2,C).

Then the number of nontrivial curve components in X(M,, ) increases to oo with k.

The proof of the theorem is based on a study of the relationship between the character varieties
X(M,,) induced by the covering maps M, — M, where j > k. More precisely, these covers induce
maps X(M) » X(M,,)—> -+ - X(M,,)—> X(M,,_, )— --- which we shall refer to, henceforth, as
restrictions. We find that under the hypothesized conditions, certain mutually distinct, nontrivial
components of X(M,,) restrict to mutually distinct, nontrivial components of X(M,,) for each j > k.
Moreover, for j > k, X(M,,) contains nontrivial components which do not arise from restriction.

According to a theorem of Cooper and Long [8], any hyperbolic manifold M which satisfies the
hypotheses of the theorem necessarily fibers over the circle. We can find many fibred knot exteriors
satisfying the conditions of Theorem A. In particular, in Section 4 we determine X(M (1)) when M is
a hyperbolic punctured torus bundle over the circle S* (Proposition 4.5) and consequently obtain,

Theorem B. Let M be a hyperbolic punctured torus bundle over S*. Then for any sequence of positive
integers 1 <ay <a, < - <ag < --- where each a, divides ay .. 1, the number of curve components
in X(M,,) approaches oo with k.

With a view to refining our analysis, let I be a finitely generated group and y e I'. Consider the
regular function

7, X(IN) = C, 1,(x,) = %,(y) = trace(p(y)),

called the trace function on X(I') defined by 7. Elementary trace identities imply that if " is either the
inverse of y or conjugate to yin I', then 7, = 7,. We say a subset Y of X(I') is t,-non-constantif t,|Y
is nonconstant. In order to simplify the presentation, we shall frequently use 7, to denote 7,|Y.
Since we have assumed our knot exteriors to be boundary-irreducible, there is an injective
homomorphism H(0M)=~n,(0M) - n,(M), well-defined up to conjugation. Hence, each element
oemny(0M)=~H{(0M) unambiguously determines a trace function 75 on X(M). It is an observation
made in [3], based on the work of [12,10], that for a knot exterior M, each (irreducible) curve
Xy < X(M) belongs to one of the following three mutually exclusive types:
(i) The curve X, is 75-nonconstant for every nontrivial element é € 7w, (0M);
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(i) The function 74 is a constant function on X, for every J € m;(0M) (this case cannot arise if M is
small, cf. Lemma 2.1);

(ii1) There is exactly one primitive element d,, up to taking inverses, in 7 (0M), such that t;, is
a constant function on X,.

We will give a proof of this statement below (Proposition 2.2) in our current SL(2,C) setting.

If Xo < X(M)is a curve of type (iii), then the slope 0, is a boundary slope (Lemma 2.1) and we
call it the boundary-slope associated to X,. In Section 6, we concentrate on the hyperbolic
punctured torus bundles which arise as cyclic covers of the figure-eight knot exterior. We give
a complete list of nontrivial curve components, classified according to the three types (i)-(iii) above,
in the character variety of the double cover and of the triple cover of the figure-eight knot exterior.
For instance, the character variety of the 3-fold cover has precisely four nontrivial curve compo-
nents of type (i) and six nontrivial curve components of type (iii) whose associated boundary slopes
are the meridian slope of the bundle. The calculations there also produce the following unexpected
phenomenon (see Section 6).

Theorem C. For every given integer m, there exists a small hyperbolic knot exterior M such that X (M)
contains two type (iil) curve components whose associated boundary slopes have distance (i.e. their
minimal geometric intersection number in OM) larger than m.

If Xo < X(M) is a curve of type (i), then one can use it to establish a norm on the two-
dimensional real vector space H{(0M;R)[10,3]. So we shall also call a type (i) curve in X (M) a norm
curve. We have mentioned that if M is a hyperbolic knot exterior, then there is at least one
nontrivial curve component X, in X(M), one which contains the character of a discrete faithful
representation of 7 (M). We further note here that X, is in fact a norm curve [10] and the norm
associated to this curve plays a crucial role in proving the cyclic surgery theorem of [ 10] and the
finite surgery theorem of [2,3]. Our final goal in this paper is to show that there is no upper bound
either on the number of norm curve components in the character variety of a hyperbolic knot
exterior (Section 7).

Theorem D. For every given integer m, there exists a hyperbolic knot exterior M such that X(M)
contains more than m norm curve components, each of which contains the character of a discrete
faithful representation of w{(M).

Our studies suggest the following open questions for further investigation.
Questions
(1) Given a hyperbolic knot exterior M, is it true that for any integer m, there always exists an
n-fold cyclic cover of M whose character variety has more than m nontrivial algebraic
components?
(2) Given a hyperbolic knot exterior M, is it true that for any integer m, there always exists an
n-fold cyclic cover of M which has more than m distinct boundary slopes?
(3) For any integer m, is there a hyperbolic knot exterior in S* whose character variety has more
than m type (i) curve components?
(4) For any integer m, is there a hyperbolic knot exterior in S* whose character variety has two
type (iii) curve components whose associated boundary slopes have distance larger than m?
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Our basic references for standard terminology and facts are [15,17,23] for 3-manifold topology
and knot theory, [25] for algebraic geometry, and [12] for SL(2,C)-character varieties of 3-
manifolds.

2. Some properties of character varieties of knot exteriors

In this section, we prepare some general results concerning the character varieties of knot
exteriors which will be needed in later sections.

By an essential surface in a compact orientable 3-manifold W, we mean a properly embedded
orientable incompressible surface, no component of which is either boundary parallel or bounds
a 3-cell in W.

Let M be a knot exterior. A slope on 0M is the dM-isotopy class of an unoriented simple closed
essential curve in M. For notational simplicity, we shall use the same symbol to denote a slope, the
corresponding primitive element in H,(0M) = n,(0M) (well-defined up to sign); the context will
make it clear which is meant.

If 6 is a slope, then M(0) will denote the manifold obtained by Dehn filling M along dMz with the
slope ¢ (i.e. a solid torus V is attached to M along their boundaries so that the slope 6 bounds
a meridian disk of V). A slope of a knot exterior is called a boundary slope if there is a connected
essential surface F in M such that JF is a nonempty set of curves in dM of the given slope r.

For an irreducible complex affine algebraic curve X, we use X, to denote its smooth projective
completion. Note that X, is birationally equivalent to X,. Since such a birational equivalence
induces an isomorphism between the function fields C(X,) and C(X,), any rational function f on
X, determines a rational function on X, which will also be denoted f. A point of X, is called an
ideal point if it is a pole of some fe C[X,] = C(Xo)=C(X,).

Consider the case where X is a curve in the SL(2,C)-character variety X(M) of a knot exterior
M. One of the fundamental connections between the topology and the character variety of M,
found by Culler and Shalen [12], can be briefly described as follows (see [12] for details):

Start with an ideal point x, of X,. It determines a discrete valuation v on the function field
K = C(Xo)~C(X,) whose valuation ring consists of those elements of I which do not have pole at
the point x,. Choose an algebraic component R, = R(M) of t (X ) such that t|R, is not constant
and extend v to a discrete valuation on the function field F = C(R,). According to Bass-Serre [24],
one can construct a simplicial tree on which SL(2,F) acts. There is a tautological representation
P:ny (M) — SL(2,F), which then induces an action of 7y (M) on the tree. It is useful to observe that
the tautological representation satisfies the identity

trace(P(y)(p)) = t,(x,), vET (M), peRy.

An element y e, (M) fixes a vertex of the tree if and only if x, is not a pole of 7,, and so using the
fact that x, is an ideal point of X, it can be shown that the action of 7, (M) is nontrivial, i.e. no
vertex of the tree is fixed by the entire group 7; (M). Hence, the action yields a nontrivial splitting of
71 (M) as the fundamental group of a graph of groups. This splitting of the group in turn yields
a splitting of the manifold M along essential surfaces. We shall say that such essential surfaces in
M are associated to the ideal point xq. If C is a connected subcomplex of M and x, is not a pole of
15 for any 0 € m,(C), then there exists an essential surface in M associated to x, that is disjoint from
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C; and if x, is a pole of 7; for some slope § in 0M, then any essential surface associated to x, must
intersect 0. Therefore, the following lemma holds.

Lemma 2.1. Let M be a knot exterior, X, = X(M) a curve, and xo € X, an ideal point.

(1) If x¢ is not a pole of t, for some slope o, but is a pole of T4 for another slope f, then o is a boundary
slope.

(2) If xo is not a pole of t, and t; for two different slopes o. and f, then there exists a closed essential
surface in M associated to X.

Proposition 2.2. Let M be a knot exterior and Xy = X(M) a curve. Then X o belongs to one of the three
mutually exclusive types (1)-(iii) described in Section 1.

Proof. Suppose that X, is neither of type (i) nor (ii). Then there are two nontrivial elements
oo,01 €1 (OM) such that 7, is a constant function on X, but 7,, is not.

Claim. For any element yen,(M) and integer n # 0, 1, is constant on X if and only if ©,» is.

Proof of claim. Since 7,» = 7,-», we may suppose that n > 0. The trace identity
trace(A)trace(B) = trace(AB) + trace(AB™') A,BeSL(2,C),

implies that for any y, € Xo, 7,2(x,) = trace(p(y?)) = trace((p(y))*) = [trace(p(y))]*> — 2. Thus, 1, is
constant on X, if and only 7,: is a constant function on X,. A simple induction argument, based on
the trace identity, can now be constructed to see that 7, is constant on X, if and only if 7, is
constant on X, for any integer n > 0, and hence for each n # 0. This proves the claim.

By the claim, we may assume that the elements ¢,0; are primitive elements of 7; (0 M). It follows
from Lemma 2.1(1) that for any slope 0 on dM, if 745 is constant on X, then ¢ is a boundary slope.
By [14], there are only finitely many boundary slopes on ¢M and, therefore, there must exist
a slope 8, on 0M such that {o,,f, | is a basis for 7, (0M) but f, is not a boundary slope. It follows
that X, is 74, -nonconstant.

Let R, be an algebraic component of t~!(X) for which t: R, — X, nonconstant. Since X, is
75, -nonconstant, there is a field extension E of F = C(R,), of degree at most two, such that the
tautological representation P:m;(M)— SL(2,F) is conjugate over GL(2,F) to a representation
P':m (M) — SL(2,E) and that P'(f,) is a diagonal matrix. Since o, and fo commute and since
P'(By) # *+ 1, P'(zp) must also be a diagonal matrix, say

ao 0 bo 0
P,(OC())=<O a1> and P/(ﬂ()):(o b1>
0 0

From the identity trace(P(y)p)) = 1,(x,), we have that for any ¢ = affsemn(0M),
15 = aght + ag by ".

Let xo be a pole of 74, in X0 (xo is necessarily an ideal point) and v be the discrete valuation on
K = C(X,) defined by x,. By [20, Lemma I1.4.4], the discrete valuation v can be extended to
a discrete valuation w on the field E, i.e. w|lK = dv for some integer d > 0. It is easy to check that for
any aeE\{0}, w(a + a~ ') < 0 if and only if w(a) # 0, and so by construction w(ay) = 0, w(be) # 0.
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Hence if 6 = agby e (0M), then 0 # w(o) = w(agbh) = nw(by) if and only if n # 0; that is,
v(ts) = Iw(ts) < 0 if and only if n # 0. Put another way, x, is a pole of 7, if and only if n # 0. It
follows that X is a ts-nonconstant curve if and only if n # 0. Thus X, is of type (iii) and the lemma
has been proven. [

The next proposition is a special case, sufficient for our needs, of a result in [26,12] concerning
the dimensions of components of X(M) for a general compact 3-manifold with boundary.

Proposition 2.3 (Thurston [26], Culler and Shalen [12]). Let M be a knot exterior. If y, € X(M) is
the character of an irreducible representation p € R(M) such that p(r,(0M)) is not contained in { + I},
then any component of X(M) containing y, has dimension at least 1.

Proposition 2.4. Let M be a small knot exterior.
(1) [10] Each component of X(M) is at most 1-dimensional.
(2) Every I-dimensional component X of X(M) is either a type (i) or type (iii) curve.

Proof. The argument for part (1) can be found in the proof of [7, Proposition 2.4]. To prove part
(2), suppose otherwise that X, has type (ii) (Proposition 2.2). Then for any ideal point x, of X, and
aem (OM), xo is not a pole of 7,. It follows from Lemma 2.1(2) that there is a closed, essential
surface in M. But this contradicts our assumption that M is a small knot exterior. [

Proposition 2.5. Suppose that M is a small knot exterior and that 7 is a primitive element of H{(0M)
such that X(M(A)) contains no nontrivial component of positive-dimension. Then, 1, cannot be
identically equal to 2 on any nontrivial positive-dimensional component of X(M).

Proof. Suppose otherwise that there is a nontrivial positive-dimensional component X, of X(M)
on which 7, is constantly equal to 2. According to Proposition 2.4(1), X, is a curve. Recall
t: R(M) — X(M) the regular, surjective map which sends a representation to its character. Let R, be
an algebraic component of t~!(X,) on which t is nonconstant. Then every representation in
R, maps / to a matrix of trace 2.

Claim. p(A)=I for every peR,.

Proof of claim. We only need to show the claim for irreducible representations since they form
a dense subset of Ry. Suppose otherwise that there is an irreducible representation py € Ry such
that po(4) is not the identity matrix. It follows from [12, Proposition 1.5.4] that there is a Zariski
open neighborhood U of p, in R, such that p(4) # I for each pe U. Thus p(4) must be a trace
2 parabolic element of SL(2,C) for each pe U. If u is any element of n;(0M), then as it commutes
with A, p(u) 1s either parabolic or =+ I for each p e U. Hence 1, is also constantly equal to either 2 or
— 2 on #(U), and therefore on X . This is impossible as it contradicts Proposition 2.4(2). Thus the
claim holds.

According to this claim, R, = R(M(/)) and, therefore, X is contained in X(M(4)), contrary to
our hypothesis that X(M(A)) does not contain any nontrivial positive-dimensional components.
The proposition is proved. [
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Proposition 2.6. Suppose that M is a knot exterior such that some primitive element 1 of H{(0OM) is
zero in Hy(M). Suppose also that X o < X(M) is an algebraic component on which t; is nonconstant.
Then, X o is a nontrivial component of X(M) of positive dimension.

Proof. Since A = 0in H; (M), we have H,(M(A)) = H{(M). Any character of a reducible representa-
tion of 7, (M) is also the character of a diagonal representation of 7{ (M), and thus is the character
of a representation which factors through H, (M) = H(M(A)). Therefore, any trivial component of
X(M) is also contained in X(M(4)). Clearly 7, is constantly equal to 2 on X(M(4)), and so the
proposition follows. [J

3. Character varieties and covering spaces

In this section we study relations between the character varieties of covering spaces. This will
lead us to a proof of Theorem A.

Let M be a knot exterior and let p: M,, —» M an n-fold regular (free) covering. The map p induces
an injective homomorphism p,, : 7, (M,) — n; (M) whose image is an index n normal subgroup of
71 (M). The homomorphism p,, in turn induces regular maps

p*:R(M)— R(M,), p*(p) = pep,.,

9

where “o” denotes composition, and

ﬁX(M) - X(Mn)> la(Xp) = XAp*(p)-

We have the following commutative diagram of regular maps, the two vertical ones being
surjective:

RM)—E—— RoM,)

/| |

XM)—P2 . xM)

For any subset R, of R(M), we call the Zariski closure of p*(R,) in R(M,) the restriction
subvariety of Ry in R(M,,). Similarly, for X, < X (M), the restriction subvariety of X, in X(M,) is
the Zariski closure of p(Xy) in X(M,).

Proposition 3.1. If X, < X(M) is an algebraic curve, then p(X,) is a (closed) algebraic curve in
X(M,).

Proof. Let p(X,) denote the restriction subvariety of X, in X(M,). Since the restriction of

Pl: Xo = p(Xo) is dominating, the dimension of p(X,) is bounded above by 1. On the other hand, if
x is an ideal point of X, there is some 0 € 7 (M) such that x is a pole of 75. But then x is also a pole
of 0" (cf. the proof of the claim in the proof of Proposition 2.2). Since ¢" € 7, (M,,), it follows that 7 is

nonconstant on p(X,), which therefore has dimension 1. It also follows that the induced surjection
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between the smooth projective models of X, and p(X,) sends ideal points to ideal points. Thus

P(Xo) = p(Xo). O

Proposition 3.2. Suppose M is a small knot exterior and that some primitive element A of H{(0OM) is
zero in Hi(M). Let p: M, - M be a free n-fold cyclic covering such that M,, is also a small knot
exterior, and suppose that A, is the primitive element of w(0M,) such that p,(4,) = A. If Xo < X(M) is
a t,-nonconstant component, then the restriction subvariety Y, of X, in X(M,) is a nontrivial,
T, -honconstant curve component of X(M,,).

Proof. By Propositions 2.4 and 2.6, X is a nontrivial curve component of X(M). It follows as in
Lemma 4.1 of [3] that there is a four-dimensional algebraic component R, of R(M) such that
t(Ry) = X,. If we denote by S, the restriction subvariety of R, on R(M,), then S, is necessarily
irreducible and p*(R,) contains a Zariski open subset of S,. Similarly, if we let Y, be the restriction
subvariety of X, in X(M,), then Y, is irreducible and p(X,) = t(p*(Ro)) is a dense subset of Y.
Since the covering is cyclic and 4 = 0 in H, (M), the simple closed curve 4 lifts to n parallel, simple
closed curves in 0M,,, each representing A, € m,(0M,). Observe that for y, € Xo,

1(2p) = trace(p(2)) = trace(p(p, (Z4)) = T, (((p*(p))),

and therefore Y, is 7, -nonconstant. Hence by Proposition 2.6, the component of X(M,) contain-
ing Y, is nontrivial. Now applying Proposition 2.4, we see that Y, is itself a curve component of
XM,). O

Proposition 3.3. Let I' be a finitely generated group and I'y a normal subgroup. Suppose that
Lo, Xp, € X(I') both restrict to the same irreducible character of I'y. Then there is a homomorphism
¢:I' = { + I}, which vanishes on Iy, such that p, is conjugate to ep,. Hence, a given irreducible
representation I'y — SL(2,C) extends to no more than # H (I'/T y;Z/2) representations in R(M).

Proof. By [12, Proposition 1.5.2] we may assume that p; and p, actually restrict to the same
representation on I'y. The normality of I'y in I' implies that for each yeI" and o eI’y we have

p1(Mp1(@)p1 (1) = p1(yay ™) = pa(yay ™) = p2(MP2(0)p2(y ™) = P2 (V)1 (@)p2(y ).

Hence, by the irreducibility of p,|I'y, we see that p,(y) " *p;(y) = I or — I. Thus, we have a map
¢:I' - { + I}, easily seen to be a homomorphism which vanishes on Iy, such that p; (y) = &(y)p2(y)
for every yeI'. This completes the proof. [

Remark 3.4. Recall from [3] that there is an action of H'(I';Z/2) = Hom(I',{ 4+ 1}) on both R(I')
and X(I'). Thus for ¢ e H'(I';Z/2) there are algebraic isomorphisms ¢*: R(I') — R(I'), &: X(I') —» X(I')
given by

e*(p)g) = e@)p(g)s  &xp)9) = Lev0)(9) = €(9)2,(9)-

The previous proposition may be interpreted as saying that the set of representations (character) of
I' which restrict to an irreducible representation (character) of I'y is either empty or an orbit of the
HYI'/T;Z/2) = HY(I';Z/2) action.
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Corollary 3.5. M be a knot exterior and suppose that p: M, — M is a free, n-fold cyclic covering. Let
p: X(M)— X(M,) be the regular map induced by the covering map p. Then each irreducible character
in X(M,) has at most two inverse images in X(M) under the map p.

Proposition 3.6. Suppose that p: M, - M is a free n-fold cyclic covering between knot exteriors.
Suppose further that 2.€ H{(OM) is zero in H{(M) and that 1, is the primitive element of ©{(0M,) such
that p,.(4,) = A.If X is a T,-nonconstant component of X(M) and Y , its restriction in X(M,), then the
degree of the function ©,: Xo — CP' is non-zero and is either equal to or the double of the degree of
7, : Yo »CPL

Proof. The regular dominating map p: X, — Y, induces the rational map p: X, — ¥, such that
the following diagram of maps commutes:

5—r
Xy—————— Y,

where the vertical arrows denote the birational isomorphisms. Now the commutative diagram of

regular maps:
X, e Y,
'C

induces a commutative diagram of rational maps:

X, L4 Y,
cpP!

Therefore, 1, =1, op and so degree(t;) = degree(p)degree(t, ). Since t, is nonconstant, de-
gree(p) > 0. We need only show that degree(p: X, — Yo)e {1,2} to complete the proof. But from the
first diagram above, it is enough to show that there is a dense subset of Y, each point of which has
no more than two inverse images in X, under the map p. Since Y, is a nontrivial component
(Proposition 3.2), the set of irreducible characters in Y is dense [ 12], so an appeal to Corollary 3.5
completes the proof. [

Corollary 3.7. Suppose that p: M, - M is a free n-fold cyclic covering between knot exteriors
and that some primitive element A of H{(0M) is zero in H{(M). If X and X, are two t,-non-
constant components in X(M) such that the degree of ©, on X, is different from the degree of t, on
X |, then the restriction subvarieties Yo and Y, of Xo and X on M, are distinct curve components
of X(M,,).
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Proof. Let 4, be the primitive element of 7, (0M,) such that p,(4,) = A. By the proof of Proposi-
tion 3.6, we have degree(t;|x,) = degree(p|x, )degree(t; |y,) and degree(t;|x,) = degree(p|z, )de-
gree(t; |y, ). Hence if degree(p|z,) = degree(p|x, ), then degree(t; |y,) # degree(t;, |¢,) and so Y, and
Y, are distinct curve components of X(M,). Without loss of generality then, we may assume,
by Proposition 3.6, that degree(p|z,) = 1 and degree(p|x,) = 2. But now Y, and Y, cannot be the
same component. For otherwise, there would be three inverse images in X,uUX; for a generic
irreducible character of Y, = Y; under the map p, one in X, and two in X, and this contradicts
Corollary 3.5. O

Lemma 3.8. Suppose that p: M,, — M is a free n-fold regular covering of knot exteriors and that X o is
a curve component of X(M). If X ¢ has, respectively, type (1), (i1), or (iii), then its restriction Y o, on M, is
a type (1), (ii) or (iii) curve component of X (M) respectively. In the case where X is a type (iil) curve
whose associated boundary slope is 0, then the boundary slope associated to Y is the slope of
p~1(0) = OM,.

Proof. Suppose that X, is a type (i) curve and let o, e 7;(0M,) be any nontrivial element. Then
p..(0,) 1s a nontrivial element of n;(0M) and by a similar argument to that used in proving
Proposition 3.6 we have

degree(t,_s,|z,) = degree(p|x, )degree(ts, |y, ).

Now since X, is a type (i) curve, we have degree(t,_;,|x,) > 0, and therefore degree(zs, |7,) > 0, i.e.
75, 1s nonconstant on Y,. Thus Y, is a type (i) curve.
The cases when X, is a type (ii) or (iii) curve are proven similarly. [

Proof of Theorem A. We shall proceed by contradiction. Suppose that the theorem does not
hold. Then after possibly passing to a subsequence of {g; }, we may assume that there is some N > 0
such that for each M, , the number of nontrivial curve components in X(M,, ) is bounded above
by N.

Fix k > 1 and suppose that there are exactly j, mutually distinct nontrivial, 7, -nonconstant
curve components Xy, ..., X; of X(M, ). Among these curves, assume that there are i of them, say
X1i,...,X; ,and no more, which satisfy the condition that when restricted to any cyclic cover M, ,
[ > k, they always yield i, mutually distinct, nontrivial curve components Y, ..., Y; of X(M,).
Note that Y,,..., Y, are t, -nonconstant by Proposition 3.2. By our choice of N, there is some
ky for which i, <1, for all k. Seti =i ,j =ji,,and ny = a, . Let Xy,...,X;, X;+1,...,X; be the
nontrivial, t; -nonconstant curve components components of X(M,, ), ordered in the fashion
described above.

We claim that i > 0. By condition (b) of the hypotheses, there is a k> 1 for which
X(M,, )2, ) contains an irreducible character y;. Since 7, (x;) =2, Proposition 2.5 implies
that 7, 1is nonconstant on such a curve. Now applying Proposition 3.2, we see that the restriction
of such a curve to M,,, | > k, is a nontrivial, 7, -nonconstant curve component of X(M,, ). Thus
i>0.

By Corollaries 3.5 and 3.7 and the defining choice of i, each of the integers

degree(t,, |x,,, ), degree(t;, |z..,), ..., degree(t,, |z,)
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is equal to one of
degree(t;, |z, ), degree(t; |z, ),...,degree(t; |z, ).

Set ¢ = max{degree(t;, |3,)|1 <[<i}andletn, = a,, where k, > k; is chosen so that the number
of irreducible characters in X(M,, (4,,)) is larger than Nq.If Y, ..., Y; are the restrictions to M,,, of
X1i,...,X;, then our assumptions imply that Y,,...,Y; are mutually distinct nontrivial, 7, -
nonconstant curve components of X(M, ). Let Y,...,Y;,Y;,q,..., Y, be the complete collection
of such curves in X(M,,). Again by Corollaries 3.5 and 3.7 and the defining choice of i, each integer

degree(t,, |y, ), ..., degree(t,, |3,)
is equal to one of
degree(t;, |3,), ..., degree(t;, |v,)
and by Proposition 3.6 we have
degree(t;, |y, ) < degree(t; |z, ),...,degree(t; |y,) < degree(t; |x,).

Thus, degree(t;, |7,) < g for each 1€ {1,2,...,j'}. But then as 7, takes the value 2 at each of the
irreducible characters in X(M,,, (4,,)) = X(M,,), it follows that no Y; contains more than g of these
characters. By construction, the number of irreducible characters in X(M,,, ) is larger than Nq > j'q
and so at least one such character, y say, is not contained in Y;uU---uY;. But then by
Propositions 2.3 and 2.4, y is contained in a nontrivial, 7, -nonconstant curve component Y ,; of
X(M,,), contrary to the definition of j. Thus, the theorem must hold. [

4. Character varieties of torus bundles over S'

We call an SL(2,C)-character binary dihedral if it is the character of a representation whose image
is a nonabelian binary dihedral group. In this section, we show that each irreducible SL(2,C)-
character of torus bundle over S' with hyperbolic monodromy is binary dihedral and obtain an
exact count of their number. Together with results from [13,11], we show that any hyperbolic
punctured torus bundle satisfies all the conditions of Theorem A. Hence, we obtain Theorem B.

Consider a torus T = S' x S = R?/7? and fix base points (1,1)e T and (0,0) e R2. The action of
GL,(Z) on R? descends to one on T in such a way that under the natural identification
H{(T)=7? = R?, the diffeotopy group of T is isomorphic, in the obvious way, to
GL,(Z) = Aut(H,(T)). An element of this group is called Ayperbolic if its trace is larger than 2 in
absolute value.

Fix an orientation preserving diffeomorphism

a b
h:< >eSL2(Z) of T
c d

and let W be the torus bundle over the circle with monodromy h. Since h has a fixed point, the trace
of this point is a closed loop in W. Throughout this section we shall use u to denote either this loop,
or its class in 7wy (W) or H{(W), and in all cases refer to it as a meridian of W. Evidently u is sent to
a generator of H,(S') under the projection-induced homomorphism H; (W) — H(S').
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Consider the endomorphism

h* — 1H1(T) HI(T) —>H1(T)

Lemma 4.1. Let W be a torus bundle over S* with monodromy h.
(1) Hy(W)=Z®coker(h,, — 1y, (r)) where the Z-factor is generated by .
(2) #coker(h, — 1y, (1)) = |2 — trace(h)| if trace(h) # 2.

Proof. (1) Let N(T) = W be a collar neighbourhood of T and set W, = W\int(N(T)). Evidently
Wo =T x1. The isomorphisms H;(W,T) = H;(W,N(T)) (homotopy) = H;(W,,0W) (excision)
~H;_(T) (Thom isomorphism) can be used to convert the exact sequence

Hy(W,T) > H(T) > Hi(W) - Hi{(W,T) > Ho(T) > Ho (W)

to
h, —1

H,(T) > H(T)->H(W)—>Z-0.

Part (1) follows.
(2) Part (2) follows from the identity |det(h, — 1y, (1)) = |2 — trace(h)]. O

Proposition 4.2. If W is a torus bundle over S* with monodromy h then

Z @ Torsion if trace(h) # 2
H (W)={Z7®7ZP Torsion if trace(h) =2 and h # 1
VASYASYA ifh=1

where the first Z-factor is generated by p and the rest is coker(h, — 1y (1))

Proof. The proposition is a consequence of the previous lemma and the following observation: if
trace(h) = 2 and h # I, then h is conjugate in SL,(Z) to a matrix of the form

o )

for some neZ\{0}. O

Our next goal is to determine the SL(2,C)-character variety of W. To that end let pe R(W) be
irreducible and observe that p|r; (T)is reducible. If p|n, (T) is central, then p(n,(T)) = { + I} and so
as p(m,(W)) is generated by p(u) and p(n,(T)), p is abelian, and therefore reducible, contrary to our
hypotheses. Thus p|n;(T) is noncentral and so there are exactly one or two p|rn(T)-invariant lines
in C?. Since n;(T) is normal in 7, (W), the union of these lines is actually p-invariant. Since p is
irreducible there must be two lines, and so a standard argument now implies that p is conjugate to
a representation with image in

V{6 S )

Z,WEC*}
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We can be more precise. Assume that p has image in N. Since there are two p|n(T)-invariant lines,
p|n1(T) is diagonalisable, and so p(w,(T)) consists of diagonal matrices. It follows that p(x) must be
a non-diagonal element of N. Thus, p(u) has order 4. Note that p can be conjugated by a diagonal
matrix so that

(0 1
p(u)—(_1 0>'

Proposition 4.3. Let W be a torus bundle over S* with monodromy h. An irreducible representation
1 (W) - SL(2,C) is conjugate to a representation with image in N. Furthermore we can assume that

0 1
p(ny(T) =D and p(u)=<_1 0)-

We can be even more specific. Let W, be the torus bundle with monodromy h?. Its fundamental
group is presented by

1 (W2) = {pami(T) [ payps ' = h3(y) for all yeny(T)),

where u, is the meridian of the T-bundle W,. The natural covering projection p, : W, — W sends
U, to pu?em (W), and is the identity on m,(T).

It is a consequence of Proposition 4.3 that any irreducible character of 7, (W) is the character of
a representation p: 7w (W) — N such that

(0 1
p(u)—(_l o>

and p(n,(W,)) < D, the group of diagonal matrices. Hence p|n;(W,) factors through a representa-
tion po:H{(W,)— D which, from our discussion above, determines p. Thus we are led to ask:
which po : H{(W,)— D can be so obtained? To answer this question, observe that if yen,(W,),
then as p(y)e D we have

L o (0 I A R
plpyp ") = p()p(r)p(u) —(_1 0) P(V)<_1 0) =p() " =p()

and, therefore,

pluyu™ty) =1 for all yen,(W>).

Let teAut(W, -> W) =17/2 be the generator and note that its action on H{(W,)=
Z@®coker(h* — 1y, 1)) (Proposition 4.2) is given by

t(iy) = o, to) = h(e) for oecoker(h® —1).
The identity p(uyu~'y) = I for yen,(W,) yields

po((1 + t)H(W>)) = {I}.
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In other words, p, factors through H{(W,)/(1 + t)H{(W ). To determine this quotient, observe
that (1 +t)(u,)=2u, and as ¢t acts as h on =ny(T)<mn(W,), we see that
coker(h* — 1)/(h + 1)coker(h* — 1) = coker(h + 1). Hence,

H,(W,)/(1 + t)H(W,)=Z/2@coker(h + 1),
where the Z/2-factor is generated by the class of u,.
Conversely, if p; : H{(W,)/(1 + t)H{(W ,) - D is a given homomorphism which sends the class
of u, to — I and we define p, to be the composition H{ (W ,) » H{(W,)/(1 + t)H(W>) it D, the

identity po(t(y)) = po( — 7) is satisfied. It is then a simple matter to verify that we may define
a representation p: 7w (W) — N by setting

/(0 1
p(u)—(_l o>

and p|n{(W,) to be the composition nl(Wz)—>H1(W2)p—0> D. The representation will be ir-

reducible precisely when pg|coker(h* — 1y, (1)) does not have image in { + I}, or equivalently,
p1(coker(h + 1y, (r))){ £ I}. Let

Z, = Hom(coker(h + 1y, 1)),{ = I}) = Hom(coker(h + 1y, (1)), D).

Lemma 4.4. The set of SL(2,C) conjugacy classes of irreducible representations n{(W)— SL(2,C)
corresponds bijectively with (Hom(coker(h + 1y, (1)), D)\Z,)/(f = ¥ ~1). Moreover,

e if trace(h) # — 2, then each such character is binary dihedral.

e if trace(hy= — 2 but h# — I, then X™ (W) consists of [(n + 2)/2] curves of characters of
representations with image in N, where n is the order of the torsion subgroup of H{(W).

e ifh= — I, then X" (W) is a two-dimensional variety.

Proof. The only part of the first statement which is left to verify is that an SL(2,C)-conjugacy
between N-representations corresponds to replacing y € Hom(coker(h + 1y, (1)), D) by either y or
1. We leave this as an elementary exercise.

To prove the second statement, note that if trace(h) # — 2, then coker(h + 1y, (1) is finite, and
hence by our analysis above, each irreducible representation 7, (W) — N has a finite image and,
therefore, is binary dihedral. On the other hand, if trace(h) = — 2, it is straightforward to verify the
claimed results holds. [

We have proven the following proposition.

Proposition 4.5. Let W be a torus bundle over S' with monodromy h where trace(h) # — 2. Set
(= #Z,€{1,24}. Then

# X"(W) =42 + trace(h)| — ().

Furthermore, each such character is binary dihedral.
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Corollary 4.6. Let W, be the torus bundle over S* with monodromy h". If |trace(h)| > 2, then the
number of irreducible characters of wi(W,) tends to oo with n.

Proof. Since [trace(h)| > 2, there is an eigenvalue A of h with |4| > 1. Then A" is an eigenvalue of
h" and therefore trace(h") = 2" 4+ 4~". Thus the number of conjugacy classes of irreducible repres-
entations 7 (W,) —» SL(2,C) is

| 2 cosh(nlnz(W)) —g if A>1 or n is even,
—(|2 + trace(h")| — {) =
2(| =4 . (nn(A)\ ., .

2 sinh > —5 if A < —1 and » is odd.

This proves the result. [

We can now verify that the hypotheses of Theorem A hold for hyperbolic punctured torus
bundles over S

Proof of Theorem B. We only need to show that for a hyperbolic punctured torus bundle M over
S, all the conditions of Theorem A are satisfied. Obviously, such a manifold is a knot exterior with
Seifert surface (a fiber). By either [13] or [11], any hyperbolic punctured torus bundle over the
circle is a small knot exterior, so condition (a) of the theorem holds. Condition (b) holds because of
Proposition 4.5 and Corollary 4.6 if we observe that (i) the manifold W, of these results is the
manifold M, (7,) of the theorem, and (ii) the hyperbolicity of M is equivalent to the condition that
the monodromy h of the torus bundle W, satisfies |trace(h)| > 2. Finally, by Proposition 4.3, any
irreducible representation of M,(4,) sends w,(0M,) to a group of order 4, which implies that
condition (c¢) holds. [

5. Character varieties of punctured torus bundles over S'

In this section, we prove some general results concerning the SL(2,C)-character variety of
a hyperbolic punctured torus bundle over S*, M. Throughout, F will denote a fixed fiber of M and
we shall assume that the monodromy of M is the identity on 0F. Moreover, we shall suppose that
the base point of M lies in OF.

Let h:7ny(F) » 7, (F) be the monodromy-induced isomorphism. It is known that the condition
that M be hyperbolic is equivalent to requiring that h,:H,(F)— H(F) be hyperbolic, i.e.
[trace(h,)| > 2. We denote by H: X(F)— X(F) the algebraic equivalence determined by precom-
position with h.

The meridian of M, denoted , is the trace under h of the base point of M. The longitude, denoted
A, is simply the boundary of F. Fix orientations for these curves. For the rest of the paper we shall
also use u and 1 to denote the class of the meridian and longitude in either
H{(0M) = n{(0M),H{(M) or ©;(M). This gives us a canonical way to identify the slopes on dM
with Qu{§} by associating the slope r with p/q if + (pu + ¢/) is the pair of primitive homology
classes in H(0M) determined by r.
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The fundamental group of M admits a presentation of the form

m (M) = x| pxp = h(x),uyp” ' = h(y)),

where x and y are free generators of 74 (F) and u corresponds to the meridian of M (after possibly
altering its orientation). Evidently, the free group n,(F) = {x,y) is normal in n;(M). We can
assume that x and y are chosen so that 2 = xyx~ 1y~ 1

Recall that a curve Yo, < X(F) is called nontrivial if it contains an irreducible character and
1,-nonconstant if 7,|Y ¢ is nonconstant (note /€ ;(F)). As in the proof of Proposition 2.6, it can be
shown that if Y, is 7,-nonconstant, then Y, is nontrivial.

Let i: X(M) — X(F) be the regular map induced by inclusion. For each component X, of X(M,,),
the restriction of X, in X(F) is the Zariski closure of its image under i. Note that X, is
7;-nonconstant if and only if its restriction to X(F) is 7,-nonconstant as well.

Our goal in this section is to establish the relationship between 7,-nonconstant components of
X(M) and their restrictions in X(F). Inspection of the presentation of 7, (M) above shows that
Hoi = i, that is the image of i is contained in the fixed point set of H. Our first result shows that
nontrivial curves which lie in this fixed point set arise as restrictions of curves from X(M).

Proposition 5.1. A4 t,-nonconstant curve Y, in X(F) is the restriction of a t,-nonconstant curve
component X of X(M) if and only if Y is pointwise fixed by H.

Proof. We have already observed that the image of i is contained in the fixed-point set of H, so
assume that Y, is a 7,-nonconstant curve Y, in X(F). As such curves are nontrivial, irreducible
characters form a dense subset of Y,. Let x, € Y, be an irreducible character. Since it is a fixed
point of H, p and poh are conjugate representations of n(F). Thus there is a matrix A e SL(2,C),
uniquely determined up to sign, such that Ap(x)4A~' = p(h(x)), Ap(»)A~' = p(h(y)), and
Ap(xy)A~1 = p(h(xy)). We can, therefore, extend p to two irreducible representations of 7, (M) by
setting p(u) = A or — A. Hence, i (Y,) is a subvariety of X(M) of positive dimension. By
Proposition 2.4, i~ 1(Y,) contains a nontrivial, 7,-nonconstant curve component X,. [

Recall from Remark 3.4 there is an action of H'(M ; Z/2) = Hom(r;(M),{ + 1}) on R(M) and
X(M). Let ¢:7y(M)— { + 1} be the homomorphism determined by

and recall the algebraic isomorphisms ¢*: R(M) — R(M) and ¢ : X(M) — X(M). Since ¢|r(F) = I,
we see that

A~

() = ip(x) for all ze X(M).

Thus, from Proposition 3.3 we obtain:

Proposition 5.2. Let X, be a t;-nonconstant curve component of X(M). Then i |y, is a degree two or
degree one map depending exactly on whether p(Xo) = X or ¢(Xo) # X o, respectively.
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As an aid to the calculations of the next section, we are interested in finding conditions which
guarantee that a given curve component of X (M) is invariant under ¢. To obtain such a condition,
we must first examine the smoothness in X (M) of the binary dihedral characters in X(M(4)).

Recall that a point of a complex affine algebraic variety X is called a simple point if it is contained
in a unique component X, of X and is a smooth point of X [25].

Proposition 5.3. Let M be a hyperbolic once-punctured torus bundle over S*. Then every binary
dihedral character in X(M(A)) < X(M) is a simple point of X(M).

Proof. There is an exact sequence
lon(F)»n(M)>2Z -1

and there is a simple closed curve on 0 M whose associated class uen; (M) fits into a presentation

1 1

Ty (M(A)) = <x, o pxp™ = xPy9, uyu™ " = X"y, xy = yx)

where

,
(0 )
q S
is a hyperbolic monodromy matrix for M(4), i.e. [p + s| > 2.

Suppose that y, € X(M(A)) 1s a binary dihedral character. From Section 4 we see that up to
conjugation we may assume

(0 1 (0 (B 0O
p(u)—(_l 0>, p(X)—<0 a1>, p(y)—<0 ﬁ1>

where o, satisfy «? " 184 = 1, "5 ! = 1 and either« # + 1 or f # + 1. Appealing to [5, Theorem
3], we only need to show that H'(M(A); sl(2,C),) = 0, where sl(2,C), is the m;(M(4))-module
Ad

p
structure on the Lie algebra si(2,C) of SL(2,C) induced by n,(M(1)) - SL(22,C) — sl(2,C). Equiva-

lently, we need to show H'(; s/(2,C),) = 0 where = = m; (M(4)). Since p is non-abelian, it suffices to
prove that the space of 1-cocycles, Z'(r; si(2,C),), is three-dimensional.
Any 1-cocycle ue Z'(x; sl(2,C),) satisfies the cocycle condition

u(zz') = u(z) + Adp(z)(u(z')) z,zen

and so is determined by the trace zero matrices

a b e f u v
u(x) = ( > uy) = ( ) u(p) = < )
c —a g —e W o—u

The cocycle condition implies that for each zen and ne Z we have

=1 . 0 ifn=0,
u(z") = ¢e(n) Y. Adp(z)V ™1 7EWR2EMy(z))  where g(n) = { n
i=0

J

n

m  otherwise.
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Hence the three relations u(uxu ™) = u(x?y9), u(uyp ') = u(x"y*) and u(xy) = u(yx) yield the follow-
ing conditions:

[p|—1
o(1 — Adp(uxp™ ") u(p) + Adp(p)(u(x)) = 8(p)< _;O Adp(x)U 1wy 2)““""’>(u(><))
lg —1
+ &(q)Adp(x) <Z Adp(y)* 1™ ‘”‘“’””‘““‘”)( )

[r|—1
o(1 — Adp(uyp™ ")) u(w) + Adp(u)(u(y)) = 8(r)< Y, Adp(x)Vtt e 2"“”)(M(X))

j=0

e(s)Adp(y)'('s'Z_l Adp(yy** “”/2’8“)><u<y»,
k=0

ou(x) + Adp(x)(u(y)) = u(y) + Adp(y)(u(x)).

Assuming that o # + 1 and f # + 1 we obtain three matrix identities

_ (et R el )
.< —a —c+(l—uo 2)U>: pa + qe a—a? T ooy S
_ — o2 (1—-a? (A= >
b+(1—o )w a (1_0;72)6 +7 a-55 9 — (pa + ge)
- (1—o) (1)
.< —e —g+(1—-p 2)17)_ W )m—l_ffl_ﬂfzs) a Z)b “(rﬂz)f
—f+ 1 —=pHw e -t ay — (ra + se)

< a+e b+oc2f> ( a+e f+ﬂ2b>
( ] = 5
c+o’?g —a-—e g+p % —a—e

which can be converted into the following system of linear relations in nine variables
a,b,c,e.f.g,u,v,w:

(1) (p+1)a+qge=0,

@ S+ e~ (1 —a =0,
() U A g+ b — (1 —aPw =0,
4 ra+(s+e=0,

6) Gomb Ty (g =,
6) G+ oS E g f— (1 Pw =0,
(7) (1 =B5b+ (> —1)f=0,

®) 1—=p )+ ?—1g=0.
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Since |p + s| > 2, Egs. (1) and (4) show a = e = 0. Next plugging into (2) the value for f determined
by Eq. (7) yields
(1 — a?PB?9)b c b ¢

CCi -2 U—x?) 12"

since o’ "B = 1. Similarly (8) and (3) lead us to

12 "1 2 "

1—oa 2

w

Egs. (5) and (6) add no new constraints, and so the solution space of this system of linear equations,
i.e. the space Z'(x; s/(2,C),), is three dimensional.
A similar, though easier, argument deals with the casesa = + 1, f= + 1. O

Corollary 5.4. Let X be a curve component in X(M) which contains a binary dihedral character of
X(M(A). Then ¢(Xo) = Xo and i |y, is a degree-two map to a curve Y, < X(F).

Proof. Since ¢ is an isomorphism, ¢(X,) is a curve component of X(M, ). We already knew that if
%, € X(M(4)) = X(M) is a binary dihedral character, then up to conjugation,

/(0 1
P(H)—(_l 0>

and p(x) and p(y) are diagonal matrices. It is easy to see that (;’A)(Xp) = %,, so if y,e€X,, then
Ap € H(X ) as well. Hence as X, 1s a simple point of X (M) (Proposition 5.3), we have d(X,) = X,.To
complete the proof, we need only show that X, is 7,-nonconstant (cf. Proposition 5.2). But this is
a consequence of Proposition 2.5, as 7,(y,) =2. O

6. Character varieties of finite cyclic covers of the figure-eight knot exterior

In this section we look more closely at the character varieties of the cyclic covers of the
figure-eight knot exterior, which we shall denote by M. We shall continue to use the notation
developed in the previous section.

The n-fold cyclic cover of M is known to be a hyperbolic punctured torus bundle over S* whose
fundamental group admits a presentation of the form

7T1(M,,) = <X, Vsl |Mnx/1r:l = h"(x),MnJ’/lrfl = hn(y)>9

where h is the monodromy isomorphism given by

h(x) = xy, h(y) = yxy
1

and p, is the meridian of M,,. The longitude class of M,,, which we denote by 4,, equals xyx !y~ 1.

Let H: X(F) — X(F) be the algebraic equivalence determined by precomposition with h. Note
that the M,,-monodromy isomorphism of 7, (F) is simply /4" and the associated equivalence of X (F)
is H".
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In what follows, we shall use the algebraic isomorphism

X(F)—=C>  y—=(x(x), 2(0)s 2(xy)

to identify X(F) with C3. Using the trace identity
trace(AB) + trace(AB™ ') = trace(A)trace(B),

one can deduce that the map H: X(F) - X(F) is given by
H(a,b,c) = (c,bc — a,(bc — a)c — b)

and the trace function 7, : X(F) — C equals:
1, (a,b,¢) = a* + b* + ¢* — abc — 2.

Recall from Remark 3.4 there is an action of H'(M,; Z/2) = Hom(n;(M,),{ + 1}) on R(M,) and
X(M,). A simple argument based on first principles shows that this actlon preserves the type of
a curve component of X(M) (or see the method of proof of [4, Lemma 5.4]).

Let ¢,:m(M,) - { + 1} denote the homomorphism determined by

(:bn(x) = (pbn(y) =1, gbn(:“n) = —1L
The restriction map X(M,) — X(F) will be denoted by i,. Evidently,
,i\no$n = ?n X(Mn) - X(Mn)

We are now ready to determine the number and the types of nontrivial curve components in
X(M,) for n =23.

Proposition 6.1. X (M) has exactly two curve components of type (1). It also has exactly two nontrivial
curve components of type (iil) whose associated boundary slopes are 2 and — 2, respectively.

Proof. We first find all nontrivial curve components of X(M,) by applying Proposition 5.1. This
amounts to finding the curve components in the fixed point set of H*: X(F) — X(F). A simple
calculation reveals that for (a,b,c)e C* = X(F), H*(a,b,c) = (a,b, c) if and only if

(bc —a)c — b =a,
(bc — a)*c — (bc —a)p — ¢ = b,
(bc — a)*(c* —2) — 2(bc — a)*a + (bc —a)b —c¢)+a=c

or equivalently

(c + 1)(bc — a — b) = 0, (1)
(ac +b —bc* + ¢)a—1—be) =0, 2)
(ac — 1 + b — bc?)a*c — 2abc? + ab + a + b*c® — ¢ — b*c — bc) = 0. (3)
From Eq. (1) we deduce that either c= — 1 or a= — b + bc. When ¢ = — 1, Egs. (2) and (3

become (1 +a)a+b —1)=0and (1 +a)ab —b +a* —a—1) =0, respectlvely This produces
exactly one curve:

Y, ={(—1,b,— 1)|beC} = C3 = X(F).
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When a = — b + be, Egs. (2) and (3) become (1 + b)(bc —b —c¢) =0 and (1 + b)(bc —c — b)
(bc — b + 1) =0, for which there are exactly two solution curves:

Y, ={(a,— 1,1 —a)|aeC},

Y, = {(a%a) ae@\{l}}.

One can easily check that on each of the three curves the trace function 7,, is nonconstant. Thus, by
Proposition 5.1, all three are restrictions of nontrivial curve components of X(M,). Our next task
will be to show that both Y; and Y, are the restrictions of unique curves X; and X, in X(M,),
while there are exactly two curves X3, X, < X(M,) which restrict to Y.

According to Proposition 4.5, there are exactly four binary dihedral characters in
X(M,(4;)) € X(M,). An explicit calculation based on the discussion in Section 4 shows that the
images of these characters under the map i, are the following points in X(F) = C>:

(_15 2a_1)>(_15_11_1)9(_1a_15 2) and (25_15_1)

One can easily check that the first two points are contained in Y, \(Y,uY3) while the last two are
contained in Y,\(Y{UY3). Therefore, it follows from Proposition 5.2 and Corollary 5.4 that there
is exactly one curve component X; of X(M,) which restricts to Y, and one curve component
X, which restricts to Y,.

Now we show that there are two type (i) curve components of X (M) which restrict to Y ;. By the
results of Section 5 it suffices to prove that there is a curve component X ; of X(M,) which restricts
to Y5 and for which fz|X3 is a degree one map.

Recall that X (M) is known to have only one nontrivial curve component X, (see eg. [6]), which
is a type (i) curve. It follows that ¢;(X,) = X, and hence iy |y, is a degree-two map onto its image.
The covering map p, : M, — M induces a restriction p, : X(M) - X(M,). If X535 < X(M,) is the
restriction of X, then X3 is a type (i) curve component of X(M,) (Lemma 3.8). The same lemma
implies that X 5 restricts to Y 5. Since 7 (M) is the unique index 2 subgroup of ny (M), ¢ |m(M,)is
trivial. Thus p,o¢; = p, and, therefore, p,| x, 1s a degree two map to X;. Hence from the
commutative diagram

-~

X,—" X(F)
A
X;—2—— X(F).

we deduce that i,| x, 1s of degree 1.

Finally we shall show that X; and X, are type (iii) curve components of X(M,) whose associated
slopes are 2 and — 2, respectively. We shall assume that the reader is familiar with [13] and the
algorithm described there which calculates the boundary slopes of punctured torus bundles over
the circle. Accordingly, we note that essential surfaces in such manifolds correspond to certain
“minimal edge paths” in the diagram of PSL,(Z). From the minimal edge path associated to a given
essential surface S in M,, one can read off a sequence elements of 7,(S), well-defined up to
conjugation in 7w{(M,), and expressed in terms of x and y.

According to either [13] (or [11]), the set of boundary slopes of M, are 2,0, —2 and the
components of any essential surface in M, of slope 0 are isotopic to punctured torus fibers, i.e. 0 is
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not a strict boundary slope. If we observe that an irreducible character in X(F) of a representation
conjugate into N (Section 4) corresponds to (a, b, c) where one of a,b or ¢ is 0, then the generic
character in Y, Y,, Y3 is not the character of such a representation. It then follows from [3,
Proposition 4.7 (2)] and the method of proof of [4, Proposition 4.2] that the O slope is not
associated to an ideal point of any non-trivial curve in X(M,). We also note that the method of
[13] shows that any essential surface with boundary slope — 2 contains a loop which represents y,
at least up to conjugation. Similarly any essential surface with boundary slope 2 contains a loop
which represents x, up to conjugation.

Now consider an ideal point x; of X,. Since M, is small, x; is associated to some boundary
slope of M, which, as we have just noted, must be either 2 or — 2. In particular 7;, has a pole at x;.
Hence, the image of x; in ¥, under the restriction induced map X, — Y, call it y;, is also ideal.
From the calculations above, Y is a complex line and thus Y, ~CP! has a unique ideal point,
namely y,. These calculations also show that 7.(y;) = 7,,(y1) = — 1 while 7, has a pole there. In
particular, the y cannot conjugate into the fundamental group of any essential surface associated to
X;. Thus, from the previous paragraph we see that x; must be associated to the slope 2. Since
X, was an arbitrary ideal point of X, it follows that f,|X; is constant. Hence X is a type (iii) curve
associated to the slope 2.

Similarly, one can show that if X, is a type (iii) curve whose associated boundary slope is

—-2. 0O

Proof of Theorem C. By Proposition 6.1, M, has two type (iii) curves X; and X, whose associated
boundary slopes are 2 and — 2 respectively. By Lemma 3.8, the restriction of X; to M, call it Yy;,
is still a type (iii) curve in X(M+). The associated boundary slopes are 1/2"2 and — 1/2¢2
respectively. The proof is completed by noting that the distance between the slopes 1/2*~2 and
— 12k 24 271 O

Proposition 6.2. X(M3) has exactly four type (1) curve components and six nontrivial type (iii) curve
components. The boundary slopes associated to the latter curves are each the meridian slope us.

Proof. The approach is similar to that we used in the proof of Proposition 6.1, though slightly
more involved owing to the increased complexity of H>.

The fixed-point set of H>: X(F) — X(F) is given by the solutions to the following three equations
in a,b,c:

O=(—a+bc)(—b—c—ac+bc*)(—b+c—ac+ bc?), (4)
0 = (ac + b — bc?)a*c — a + ab — ¢ + bc — b?*c — 2abc* + b*c)a*c +a + ab — ¢ — be
— b%c — 2abc?* + b*c?), (5

0 = (a*c + ab — ¢ — b*c — 2abc* + b*c?)ac — bc? + 3ab*c* + be® — 4ab*c®> —a + b
+ 2a?bc + ab? + a*c? 4+ 2b3c® — b3c — ac? — 3a*bc® — b3 — ac + be? + 3ab?c*
+ be? — 4ab*c* — a — b + 2a*be + ab®* + a*c? + 2b3¢® — b3c — ac? — 3a*bc? — b3cd).
(6)
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It is straightforward to verify that
Y, ={(a,0,0)|aeC}

is a solution curve of these equations. Next observe that the only other solution curves for which
b =0, respectively ¢ = 0, are

Y, = {(0,0,¢)|ceC},
respectively,
Y; = {(0,b,0)|beC}.

Thus, we shall assume below that neither b nor c¢ is identically zero.

From Eq. (4) we see that either a =bcor 0 = — b —c¢ —ac + bc*> or 0 = — b + ¢ — ac + bc>.
The first case cannot arise, for if it did, Eq. (5) becomes bc? = 0, contradicting the assumption we
made at the end of the last paragraph. In the last case we have a = — b/c — 1 + bc and so Egs. (5)

and (6) become
(=b—c+bc)b+c+bc)=0,
b(c* —1)(—b — ¢ + be)(b + ¢ + bc) = 0.
This produces the two curves:

Y, = {<a,L,a>a #* 1}
a—1

Ys = {(a,_—a, — a>a #* 1}.
a—1

In our the last case we have a = — 2 + 1 + bc which gives rise to

a

Y6 = {<a,a—+1,a>a #* — 1}
—d

Y7 = {(d,a—H, — a>a #+ — 1}

One can easily check that on each Y;, the trace function 7,, is nonconstant and therefore by
Proposition 5.1 we may choose a nontrivial 7, -nonconstant component X; < X(M3) which
restrictsto Y;, i=1, 2,...,7.

In order to see that X, is a type (iii) curve whose associated boundary slope is uz, we first
observe that Y; is the set of characters of the representations p,:7;(F) » N (aeC) which are
defined by

a+ 2a—4 O O 1
pa(x) = < aﬁ)a Pa()’) = < 1 0>

2

and

and

o



S. Boyer et al. | Topology 41 (2002) 667—-694 691

Note that p, is irreducible as long as a # + 2. We know that p, extends to 7;(M3) in such a way
that p.(h*(x)) = pa(i3)pa(x)palpts) ™" and pa(h3(y) = pa(is)pa(y)pa(ps) ™" Now

h(x) = xy*xy*xyxy*xy, h*(y) = yxyxy>xyxy*xy>xyxy’xy

and a direct calculation now shows that p,(h3(x)) = p.(x) and p,(h*(y)) = pa(y). Thus for a # + 2
we must have p,(u3) = =+ I. It follows that 7, | X is identically 2 or — 2, which is what we set out
to prove.

We can also deduce that X; cannot be invariant under ¢, and therefore there are precisely two
curve components of X(M3) which restrict to Y, (cf. Proposition 5.2). For

Tu30433|X1 = 53(#3)%3 1X1 = — 1, |X1 # 1, [ X1,

since 7,,|X; is constantly 2 or — 2.

A similar argument can be used to see that X, and X5 are also type (iii) curves associated to the
slope u; and that there are precisely two curves in X(M3) which restrict to each of Y, and Y.

Next, we consider the curves X4, X5, X6, X-. Let Xy < X(M) be the unique nontrivial curve,
which we remind the reader is of type (i). Let Y, be the restriction of X, in X(F) and Z, be the
image of X, in X(M3) under the restriction p;:X(M)— X(M3) induced by a covering map
ps:Ms — M. By Lemma 3.8, Z, is a curve of type (i) Furthermore, since i3op; =iy, Yo is the
restriction of Z, to X(F). It follows that Y, = Y, for some i = 4,5,6,7. Without loss of generality we
take i =4 and X, = Z,.

Observation reveals that (a) the curves Y4, Y5, Y, Y5 form an H'(F;Z/2)-orbit of curves in X(F)
and (b) each element of H'(F;Z/2) = Hom(r,(F),{ + 1}) extends to an element of H,(M5;Z/2).
Hence X4, X5, X6, X, form part of a H!(M5;Z/2)-orbit of curves in X(M3). In particular, they are
all curves of type (i). Since the boundary slopes associated to the ideal points of X, are 4 and — 4, it
follows that those associated to the ideal points of X4, X5, X, X5 are 4/3 and — 4/3.

Finally, observe that since ¢;(X,) = X, and p3od; = ¢30p;, we have ¢3(X4) = d3(p3(Xo)) =
Pa(P1(Xo)) = p3(Xo) = X4. Then, by Proposition 5.2, X, is the unique curve in X(M3) which
restricts to Y,. Since, X5, X, and X, all lie in the H'(M;Z/2)-orbit of X, they are the unique
curves in X(M3) which restrict to Y5, Y and Y-, respectively.

Alternately, a direct calculation shows that X(M3) contains exactly eight binary dihedral
characters and their images in X(F) = C* under ¢; are

(2cos /5, 2cos3m/S, 2 cosdn/s),
2cos /5, 2 cos8n/5, 2cos9m/S),
2cos2n/5, 2cosm/5, 2 cos 3n/5),
2cos 2m/5, 2cos 67/5, 2 cos 8w/5),
2cos 3m/5, 2cos4n/5, 2cos Tn/5),
2 cos 3m/5, 2cos9m/5, 2 cos 2m/5)
2cos4m/5, 2cos2n/5, 2cos 6m/5),

(2cos4m/s, 2cosTr/S, 2cos 1m/5).

)

(
(
(
(
(
(

One can check that the fourth point and the seventh point are contained in Y, and no other Y ;; the
third point and the eighth point are contained in Y5 only; the second point and the fifth point are
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contained in Y¢ only; the first point and the sixth point are contained in Y, only. Therefore, by
Corollary 5.4 and Proposition 5.2, there is exactly one curve component X; of X(M3) which
restricts to Y; for each of i = 4,5,6,7. [

7. Discrete faithful characters and norm curve components

In this section, we shall describe a method which produces hyperbolic knot exteriors with large
numbers of norm curve components in their character varieties. Recall that for a knot exterior M,
each element ¢e H'(M;Z/2) = Hom (n;(M),Z/2) induces isomorphisms ¢* of R(M) and & of X(M)
(see Remark 3.4). A simple argument based on first principles shows that norm curve components
of X(M) are preserved by this action (or see [4, Lemma 5.4]). Also recall that for a hyperbolic knot
exterior M there are precisely 2|H'(M;Z/2)| characters of discrete faithful representations of 7, (M)
into SL(2,C). In fact if ¥, is such a character, then the set of all such characters in X (M) is given by

{800)& (20) le€ H'(M; Z)2)},

where ¥ denotes the complex conjugate of y,.

Proposition 7.1. Let M be a hyperbolic knot exterior in S® and p: M,, — M be the n-fold cyclic cover.
Then X(M,) contains at least S# H{(M,; Z/2) norm curve components, each of which contains
a discrete faithful character.

Proof. Let X, — X(M) be a norm curve component containing a discrete faithful character y,, . Let
Y, € X(M,) be the restriction of X, on X(M,). By Proposition 3.1, Y, = p(X,) where
p: X(M)— X(M,) is the regular map induced by the covering. Note that Y, is a norm curve
component of X(M,) which contains the character of the discrete faithful representation
Pn = p1lm1(M,).

Denote by ¢; the unique non-zero element of H'(M; Z/2) and define

& = 81|7-l:1(]\4n)6H1(]\4n; Z/Z)

Suppose that ee H'(M,,, Z/2)\{0.¢,} and consider the isomorphism &: X(M,) - X(M,) induced by
&. We remarked above that &Y,) is a norm curve component. It contains the discrete faithful
character ¢y, .

Claim. &Y ) # Y,.

Proof of claim. Suppose otherwise and observe that as p(X,) = Y, (Proposition 3.1), there is
a point y, € X, such that p(yx,) = & (x,,). Since p(n;(M)) = SL(2, C) contains a finite index sub-
group which is discrete in SL(2, C), p(t;(M)) is also discrete in SL(2,C). Note as well that if p(0) = 1
for some nontrivial element demn,;(M), then p(o")=1. But this is impossible because
o"emny (M,)\{1}, since m;(M) is torsion free, and p|n;(M,) is faithful. Hence, we see that p is
a discrete faithful representation of 7, (M). It follows that y, € {),, .61/, -Xp. €17, } and therefore

&Xp, € {Xpn np, X, €n Lp, }
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If ey, € {7y, -¢nlp, |- then there is a finite index subgroup I' of n; (M) contained in ker(e)nker(e,) such
that y,, |I' = j,, |I', something which is impossible since I" is a discrete subgroup of cofinite volume.
On the other hand, ¢y, ¢{y,.. €.),, } since ¢¢{0.,} and y, does not take on the value 0. This
contradiction completes the proof of the claim.

Now suppose that ¢,¢' e H'(M,; Z/2) and & (Yo) = &(Y,). Then &(2 (Y,)) = Y,, which implies
that ¢ + e€{0,,}. It follows that the orbit of Y, under the action of H'(M,;Z/2) has at least
1# H'(M,;7/2) elements. [

Thus, in order to construct knot exteriors with large numbers of norm curve components, we
need to find hyperbolic knot exteriors in S* having cyclic covers with large rank in Z/2-homology.
The Alexander polynomial can be used to find such knots, for it is known that the first Betti
number of the cyclic cover M,, of the exterior M of a knot K = S is equal to one plus the number of
roots of the Alexander polynomials of K which are nth roots of unity. Now any polynomial A(z)
having integer coefficients and even degree which satisfies the two conditions A(t ") = t"A(t), some
neZ,and A(1) = + 1, can be realized as the Alexander polynomial of a knot K = S* [18]. In fact,
it can be realized as the Alexander polynomial for infinitely many distinct hyperbolic knots [9].

Proof of Theorem D. For instance, take A(t) =t* —t* 1 + 72 — ... 42—t +1=(""1 + 1)
(t + 1), where k is any even integer larger than 1, and realize it as the Alexander polynomial of
a hyperbolic knot K = S*. By our remarks above, the 2(k + 1)-fold cover of the exterior of such
a knot has Z/2-rank at least k 4+ 1. Hence by Proposition 7.1, its character variety contains at least
2% curve components and each of them contains a discrete faithful character. [

Acknowledgements

We would like to thank Alan Reid for pointing out an error in an earlier version of this paper,
and the referee for helpful suggestions.

References

[1] S.Boyer, T. Mattman, X. Zhang, The fundamental polygons of twisted knots and the ( — 2,3,7) pretzel knot, Knots’
96, World Scientific, Singapore, 1997, pp. 159-172.

[2] S. Boyer, X. Zhang, Finite Dehn surgery on knots, J. Amer. Math. Soc. 9 (1996) 1005-1050.

[3] S. Boyer, X. Zhang, On Culler-Shalen seminorms and Dehn filling, Ann. Math. 248 (1998) 737-801.

[4] S. Boyer, X. Zhang, A proof of the finite filling conjecture, preprint.

[5] S.Boyer, X. Zhang, On simple points of character varieties of 3-manifolds, Proceedings of Knots in Hellas 1998, to
appear.

[6] G. Burde, SU(2)-representation spaces for two-bridge knot groups, Math. Ann. 228 (1990) 103-119.

[71 D. Cooper, M. Culler, H. Gillet, D.D. Long, P. Shalen, Plane curves associated to character varieties of 3-manifolds,
Invent. Math. 118 (1994) 47-84.

[8] D. Cooper, D. Long, Virtually Haken Dehn-filling, J. Differential Geom. 52 (1) (1999) 173-187.

[9] P. Cromwell, Some infinite families of satellite knots with given Alexander polynomial, Mathematika 38 (1991)
156-169.

[10] M. Culler, C.M. Gordon, J. Luecke, P. Shalen, Dehn surgery on knots, Ann. Math. 125 (1987) 237-300.



694 S. Boyer et al. | Topology 41 (2002) 667—-694

[117 M. Culler, W. Jaco, H. Rubinstein, Incompressible surfaces in once-punctured torus bundles, Proc. Lond. Math.
Soc. 3 (1982) 385-419.

[12] M. Culler, P. Shalen, Varieties of group representations and splittings of 3-manifolds, Ann. Math. 117 (1983)
109-146.

[13] W. Floyd, A. Hatcher, Incompressible surfaces in punctured-torus bundles, Topology Appl. 13 (1982) 263-282.

[14] A. Hatcher, On the boundary curves of incompressible surfaces, Pacific J. Math. 99 (1982) 373-377.

[15] J. Hempel, 3-manifolds, Ann. Math. Stud. 86 (1976).

[16] M. Heusener, SO, (R)-representation curves for two bridge knot groups, Math. Ann. 298 (1994) 327-348.

[17] W.Jaco, Lectures on three-manifold topology, CBMS Regional Conference Series in Mathematics, Vol. 43, CBMS,
Washington, DC, 1980.

[18] J. Levine, A characterization of knot polynomials, Topology 4 (1965) 135-141.

[19] T. Mattman, The Culler-Shalen seminorms of Pretzel knots, Ph.D. thesis, McGill University 2000.

[20] J. Morgan, P. Shalen, Degenerations of hyperbolic structures, III: actions of 3-manifold groups on trees and
Thurston’s compactness theorem, Ann. Math. 127 (1988) 457-519.

[21] T. Ohtsuki, Ideal points and incompressible surfaces in two-bridge knot complements, J. Math. Soc. Japan 46
(1994) 51-87.

[22] R. Riley, Algebra for heckoid groups, Trans. Amer. Math. Soc. 334 (1992) 389-409.

[23] D. Rolfsen, Knots and links, 2nd Edition, Publish or Perish, Berkeley, CA, 1990.

[24] J. Serre, Trees, Springer, Berlin, 1980.

[25] 1. Shafarevich, Basic algebraic geometry, Die Grundlehren der mathematischen Wissenschaften, Band 213,
Springer, New York, 1974.

[26] W. Thurston, The geometry and topology of 3-manifolds, Lecture Notes, Princeton University, 1977.



