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Abstract

We introduce and study trace fields and invariant trace fields of SLy(C) and PSL,(C) represen-
tations of 3-manifold groups. We give conditions on such fields which imply that the under-
lying 3-manifold is virtually Haken or has virtually positive or oo first Betti number. In
particular, we define the notion of an algebraically trace-proper surface subgroup in a 3-mani-
fold group, and show that any closed orientable irreducible 3-manifold with such a surface
subgroup is virtually Haken. We give infinitely many families of closed orientable hyperbolic
non-Haken 3-manifolds with algebraically trace-proper surface subgroups.

1. Introduction

In this paper a 3-manifold is always assumed to be connected and orientable, without loss of
generality for the problems to be considered. A 3-manifold is said to be Haken if it is compact,
irreducible, and contains a properly embedded incompressible surface. A 3-manifold is said to
be virtually Haken if it has a finite cover which is Haken. The well-known virtually Haken
conjecture states that every closed and irreducible 3-manifold with infinite fundamental group is
virtually Haken. It is also conjectured that every closed Haken 3-manifold has virtually positive
first Betti number, that is, the manifold has a finite cover which has positive first Betti number.
If M is a closed hyperbolic Haken 3-manifold, then it is further conjectured that M has virtually
oo first Betti number, which means that for any positive integer n, there is a finite cover M,, of M
such that the first Betti number of M, is larger than n. These conjectures are fundamental and
difficult issues in 3-manifold topology. In this paper we provide some information about these
conjectures by studying traces of representations of 3-manifold groups into SL,(C) or PSL(C).

For a group I' and a representation p : I' — SL,(C), we define the trace field K, of p to be the
field generated by the traces of all the matrices p(vy), v € I', over the base field @ of rational
numbers, that is,

K,=Q(r(p(y); yeT).

Recall that the character x, of p is the complex-valued function y,:I'— C defined by
Xp(y) = tr(p(y)) for y € I'. Hence if two SL,(C)-representations p;, p, of I" have the same char-
acter, in particular if they are conjugate to each other, then K, = K,,,.

As in [17], for any group I' we use I'® to denote the subgroup of I' generated by
{(¥;y €T}, If T is finitely generated, then I'® is a finitely generated finite-index normal
subgroup of T. For a representation p: I — SL,(C), we use p® to denote the restriction
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representation of p on the subgroup I'®. We also use KEJZ) to denote the trace field of p®, thus
Kﬁf) = K, 2. We call Kﬁf) the invariant trace field of p.

Recall that a representation p: I'— SL,(C) is called reducible if p(I'), as a subgroup of
SL,(C) acting on the complex vector space C? in the standard way, has an invariant 1-dimen-
sional subspace, and called irreducible otherwise. A representation p:I'— SLy(C) is called
virtually reducible if there is a finite index subgroup I'; of I such that the restriction of p on I';
is a reducible representation, and called non-virtually reducible otherwise. Note that if M is a
hyperbolic 3-manifold of finite volume and if p is a discrete faithful representation of (M)
into SL,(C) then p is non-virtually reducible.

We say that a 3-manifold M has a surface subgroup if (M) contains a subgroup which is
isomorphic to the fundamental group of a closed connected orientable surface of genus at least
one. We call a surface subgroup A of (M) algebraically trace-proper if 7r(M) has a
non-virtually reducible representation p such that K, is a proper subfield of Kﬁf), where p|a
denotes the restriction of p on the subgroup A. Note that this notion is well associated to the
conjugacy class of p and to the conjugacy class of the subgroup A in 7r(M). The following
theorem is the main result of this paper.

THEOREM 1.1 Any closed irreducible 3-manifold M with an algebraically trace-proper surface
subgroup is a virtually Haken 3-manifold.

If a closed hyperbolic 3-manifold M has an immersed closed totally geodesic surface, then M
contains an algebraically trace-proper surface subgroup. In fact, let p be a discrete faithful rep-
resentation of 7 (M) into SL,(C), then it is well known that p(F(z)) cannot be conjugated into
SL>(R) or into SU»(C). Hence the character of p(z) is not a real-valued function by [14, Prop-
osition III.1.1]. It follows that Kfoz) is a number field which is not contained in R. On the other
hand, if A C (M) is the subgroup corresponding to an immersion of a closed totally geodesic
surface of M, then 1r(p(8)) € R for every 6 € A. Take A, a finite-index subgroup of A® corre-
sponding to an immersion of a closed orientable surface; then r(p(8)) E RN K? = F for
every 6 € Ay and F is a proper subfield of Kf). That is, A; is an algebraically trace-proper
surface subgroup of 7 (M).

COROLLARY 1.2 [11] Any closed hyperbolic 3-manifold with an immersed closed totally geode-
sic surface is a virtually Haken 3-manifold.

We now give some conditions on the traces of an SL,(C)-representation of a closed Haken
3-manifold to ensure that the manifold has virtually positive or virtually oo first Betti number.
Let M be a closed Haken 3-manifold. Let S be a connected, embedded, closed, incompressible
surface in M. If S separates M into two parts M; and M, then m (M) = m (M )* 5™ (M>) is a
free product with amalgamation, and 7;(S) can be considered as a subgroup of m(M;), and
1 (M;) can be considered as subgroup of (M), for each i = 1,2. Here the base point for all
the involved fundamental groups is in S. If S does not separate M, then m (M) = m(M)*5,  is
an HNN extension, where M, is M\S, and 7{(S) can be considered as a subgroup of (M), and
71(M,) can be considered as a subgroup of 7;(M). Here the base point for all the involved fun-
damental groups is in a parallel copy of S in M.
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THEOREM 1.3 Let M be a closed Haken 3-manifold and S a connected, embedded, closed, orien-
table, incompressible surface in M.

(1) Suppose that S separates M into M; and M», and that there is an irreducible representation
p: m(M)— SLy(C) such that K, is a number field and K is a proper subfield of

Pla ()
Kl"m o for both i = 1,2. Then M has virtually positive first Betti number. If, in addition,
')
pITrI(M,-)
Betti number.
(2) Suppose that S does not separate M and that there is an irreducible representation
p: m(M)— SLy(C) such that K, is a number field and Kplﬂ,m is a proper subfield of

where My = M\S. Then M has virtually o first Betti number.

is not contained in K

Playcs for at least one of i = 1,2, then M has virtually oo first

P|7.—1<M,>’

If a closed hyperbolic 3-manifold M contains an embedded closed totally geodesic surface S,
then some finite cover of M satisfies the conditions of (1) or (2) of Theorem 1.3. In fact, we may
assume that S is orientable (otherwise replace it by its orientable double cover). By passing to a
double cover of M, we may further assume that S is not the boundary of a twisted /-bundle in
M. Let A be the surface subgroup corresponding to S, and let p be a discrete faithful represen-
tation of 71 (M) into SL,(C). Then K ol 18 a proper subfield of the number field K. If § separates
M into M, and M,, then each M; is not an I-bundle. Since M, has totally geodesic boundary and
is not an /-bundle, a similar discussion as that following Theorem 1.1 shows that the character
of pl(jl)(M‘_) cannot be a real-valued function. Therefore all the conditions of the part (1) of
Theorem 1.3 are satisfied. If S is non-separating, then M; = M\S (completed with the path
metric) is a 3-manifold with totally geodesic boundary. Similarly M; is not an /-bundle over a
surface, and the trace field of M; is not contained in R. Hence the conditions of the part (2) of
Theorem 1.3 are satisfied. Therefore we have proved the following.

COROLLARY 1.4 [12] Any closed hyperbolic 3-manifold with an embedded closed totally geo-
desic surface has virtually oo first Betti number.

More generally we may consider the trace fields and invariant trace fields of PSL,(C)-
representations. For a subgroup G of SL,(C), we define its trace field to be the field over Q
generated by the traces of all the elements in G. Let ® : SL,(C)— PSL,(C) be the canonical
quotient homomorphism. For a group I' and a representation p: I'— PSL,(C), we define the
trace field K4 of p to be the trace field of the subgroup q)_l(ﬁ(F)) of SL,(C). Similarly, we use
/@ to denote the restriction of § to the subgroup I'® of T', and define the invariant trace of p to
be the trace field of . A representation p : I' — PSL,(C) is called reducible if &~ '(4(I)), as a
subgroup of SL,(C), is reducible, and called irreducible otherwise. The representation g is
virtually reducible if there is a finite-index subgroup I'; of I" such that the restriction of p on I’
is a reducible representation. It is easy to see that if p: I'— SL,(C) is an SL,(C)-representation
and p= Pop is the corresponding PSL,(C)-representation, then K, = K; and K,») = Kz
(although p(I') and CD*l(ﬁ(l")) might not be equal to each other), and p is reducible or virtually
reducible if and only if p is respectively. We shall also call a surface subgroup A of a 3-mani-
fold group (M) algebraically trace-proper if (M) has a non-virtually reducible PSL,(C)-
representation f such that K5 is a proper subfield of K ;2.

THEOREM 1.5 Each of Theorem 1.1 and Theorem 1.3 still holds if the SLy(C)-representation
involved is replaced by a PSLy(C)-representation with the corresponding property.
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The above theorems will be proved in section 2. Walter Neumann suggested an approach for
constructing hyperbolic 3-manifolds with algebraically trace-proper but not necessarily
totally geodesic surface subgroups and a similar method was suggested by Darren Long.
The 3-manifolds they constructed are already Haken manifolds. In final section, we shall con-
struct infinitely many families of non-Haken hyperbolic 3-manifolds with algebraically trace-
proper surface subgroups using a different method. We show there the following result.

THEOREM 1.6 Let K be any (p, q, r)-pretzel knot in S> with p > 0and g > 0o0dd, r > 0 even,
ged(p,q) = d > 1. Then infinitely many surgeries on K produce hyperbolic non-Haken 3-mani-
folds with algebraically trace-proper surface subgroups.

We do not know whether any of the non-Haken 3-manifolds given in Theorem 1.6 contains
closed immersed totally geodesic surfaces.

It seems a strong condition on a 3-manifold to ask for it to have an algebraically trace-proper
surface subgroup. It is not clear how big the class of irreducible 3-manifolds with algebraically
trace-proper surface subgroups is. This class of 3-manifolds is probably much larger than the
class of hyperbolic 3-manifolds with immersed totally geodesic surfaces, given the belief that
every number field can be realized as the trace field of a hyperbolic 3-manifold, plus the free-
dom that in the definition of an algebraically trace-proper surface subgroup, the representation is
not necessarily required to be discrete and faithful. It is not totally unreasonable to conjecture
that every closed irreducible 3-manifold M with infinite fundamental group virtually has alge-
braically trace-proper surface subgroups, that is, M has a finite cover which has algebraically
trace-proper surface subgroups. Of course this conjecture is stronger than the virtually Haken
conjecture.

2. Proofs of Theorems 1.1, 1.3 and 1.5

From now on, I" denotes a finitely generated group. We use R(I") to denote the set of all repre-
sentations of I" into SL,(C), and X(I') the corresponding set of characters. If M is a path con-
nected space with finitely generated fundamental group, we also use R(M) and X(M) to denote
R(m(M)) and X(7(M)) respectively. Both R(I') and X(I') are complex affine algebraic sets,
often called the SL,(C) representation variety and character variety of I" respectively.

For any compact 3-manifold M, if for some p € R(M), the trace field K, is not a number
field, then by the Hilbert Nullstellensatz, X(M) must be positive dimensional as an algebraic set,
and thus in such a case M contains a properly embedded essential surface by [S]. Therefore
when M is an irreducible non-Haken 3-manifold, K|, is always a number field for any represen-
tation p € R(M).

When M is a hyperbolic 3-manifold of finite volume, its fundamental group (M) has a dis-
crete faithful representation m into PSL,(C). It is known that the PSL,(C)-representation 1 can
be lifted to a SL,(C)-representation p [21]. An argument in [14] shows that 1 has precisely, up
to conjugation, |H'(M;Z>)| such lifts. As any two such lifts of 1 differ only by multiplying by
an element of H'(M;Z,) the trace field K, is uniquely associated to the conjugacy class of 7.
By the Mostow—Prasad rigidity there are exactly, up to conjugacy, two discrete faithful repre-
sentations 1 and 7} from (M) into PSL,(C), where 7 is obtained from 7 by taking the complex

conjugation, that is, if n(y) = = : Z then 7(y) = = j Z . Let p be a lift of 7. We caution

that in general K, may not always be equal to K. Their precise relation is K; = K. So the trace
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field of M usually referred to in the literature is only well defined up to taking the complex
conjugation.

Note also that if M is a hyperbolic 3-manifold of finite volume and if p € R(M) is a discrete
faithful representation then the trace field K, is always a number field, as follows from the
Mostow—Prasad rigidity and the Hilbert Nullstelensatz.

For p € R(I), let

A, = {Zam(%); a €K, v E F},

where all sums are finite.

Lemma 2.1 [1, Proposition 2.2] If p € R(I') is an irreducible representation, then A, is
a quaternion algebra over K,, that is, A, is a central, simple, and 4-dimensional algebra over

K,.

A pair of matrices A and B in SL,(C) is called a generic pair if A and B do not share an
eigenvector and one of the two matrices has trace not equal to =2. If p € R(I') is irreducible,
then p(I') contains a generic pair. This follows from [5, Lemma 1.5.1]. If (p (1), p(«y)) form a
generic pair, then an argument given in [9, p. 248] shows that as a K,-vector space, A, has a
basis of the form {7, p(a;), p(a2), p(ajan)}, where I is the identity matrix.

LEMMA 2.2 Suppose that p € R(I') is non-virtually-reducible. Then p(I') contains a generic
pair of the form (p(a?), p(B?)) such that each of p(a?), p(B*) and p(a®B*) has infinite order,
and that the trace of each of p(a2) and p(B?) is not equal to *2.

Proof. By Selberg’s lemma, p(I') has a finite-index torsion free normal subgroup H. Then
I’y = p~'(H) is a finite-index subgroup of I'. Since p is non-virtually reducible, the restriction of
p on I'; is irreducible. Thus, as noted immediately above, p(I'y) = H contains a generic pair
(p(a), p(ar)) with tr(p(a) # +2, a,a; € T'1. So p(a?) has infinite order. As tr(p(a)) # *2
and r(p(a)) # 0 (since p(a) has infinite order), tr(p(a?)) = (tr(p(oz)))2 — 2 cannot be equal to
+2. Now for the given element p (a?) we apply [5, Lemma 1.5.1] to see that there is an element
p(B) in H such that tr(p(B)) # =2 and that p(az) and p(B) form a generic pair. So p(Bz) is
also of infinite order and has trace # = 2. Now p(a?) and p (%) also form a generic pair since
p(B) and p(B?) have the same invariant 1-dimensional subspaces. As p(a’B?) € H is
non-trivial, it has infinite order.

LEMMA 2.3 Suppose that p € R(I') is non-virtually reducible. Then

K =Q@r(p(¥);y €T).

Proof. Obviously by definition Kf) = K0 = Q(tr(p());6 € I'®) 2 Qr(p(y?);y € ).
So we need to show that K o) C Q(tr(p(y?)); y € I). Note also that Q(tr(p(y?); yET) =
Qtr(p(M)*:y €T) as tr(p(y?) = (tr(p(y)))* — 2. Thus we only need to show that K,z C
Qtr(p(y)* y € D).

By Lemma 2.2, p(I) contains a generic pair of the form (p(a?), p(B8%)) such that the trace of
each of p(az) and p(Bz) is not equal to =2 and that all p(ozz), p(,82), p(azﬁz) have infinite
order (in particular their traces are not equal to 0). Therefore A, has a basis of the form
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{I,p(a®), p(B),p(a?B?)} by the note following Lemma 2.1. Now one can follow exactly the
arguments used in the proof of [20, Proposition 4] to show that the vector space A, spanned by
{I,p(a®), p(B), p(a®B*)} over the field Q((tr(p(y)))*; vy ET) is a quaternion algebra over
Q((tr(p(y))*; y € ), that p(T'?) is contained in Ao, and that tr(D) € Q((tr(p(y)))*; y € T') for
every element D € Ay. It follows that K ) C @((tr(p(y)))z; yel).

Note that if M is a hyperbolic 3-manifold of finite volume and if p € R(M) is a discrete faith-
ful representation, then KEJZ) is the usual invariant trace field Kﬁ) of M defined in [17]. It is well
associated to M up to taking the complex conjugation. It is proved in [17] that Kfvzl) is an invar-
iant of the commensurability class of M, that is, if M and M, have a finite-sheeted common
cover, then K, = K§ . For a group I', K has the following property.

PRrROPOSITION 2.4 Suppose that p € R(I') is a non-virtually reducible representation. Let I'y be
any finite-index subgroup of I'. Let py € R(I'y) be the restriction of p on I'y. Then Kﬁ) = Kf).

Proof. We follow an idea used in [17], originating from [20]. Choose a finite-index subgroup I,
of F(z) such that I'; is a normal subgroup of I' (such subgroup exists). Let p, € R(I';) be the
restriction of p on I';. By definition, we have K,, C Kﬁf) - Kﬁf) So it suffices to show that
K C K,,. By Lemma 2.3 we only need to show that tr(p('yz)) € K, for every y € T.

The element p(7y) induces an automorphism ¢, of the group p»(I';) = p(I'y) defined by

pa(a) L, p(Yp2A(a)p(y) " = pa(yay™) forany ps(e) € po(T).

Note that p, € R(I',) is an irreducible representation since p is non-virtually reducible. Thus
A, is a quaternion algebra over K,, by Lemma 2.1. The above automorphism ¢, extends natu-
rally to an automorphism, which we still denote by ¢,, of the algebra A, . By the Skolem-
Noether theorem, which states that any automorphism of a finite-dimensional central simple
algebra is an inner automorphism, there is an invertible element D, of A, such that
b (D) = DODD_l for any D € A,,, that is, p()/)Dp(y)f1 —DODD_l for any D EAPZ. As
Ap2®K C = M,(C), where M,(C) is the algebra over C of all 2 X 2 matrices, 5 p(7y) com-
mutes Wlth all elements of M,(C) and thus is a non-zero scalar matrlx that is, Dy Y'o(y) = al,
a € C*, where I is the 1dent1ty matrix. Since det(p(y)) =1, a> = 1/det(Dy) € K,,. Hence
tr(p(’yz)) = tr(a*D}) = a*tr(D}) = a*((tr(Dy))* — 2det(Dy)) € K,,,. The proof is complete.

LEMMA 2.5 Suppose that p € R(I) is irreducible and K, is a number field. Then K, has a finite
field extension L such that p(I") can be conjugated into SLy(L).

Proof. Since p is irreducible, p(I') contains a generic pair (p (@), p(B)). Now we apply [13,
Proposition 3.2] to see that the assertion of the lemma follows. In fact if #7(p () # =2 and A is
an eigenvalue of p (@) (note that A must be an algebraic number since tr(p ()) is), then we may
take L = K,(A) [9, Lemma 1.6].

It is known that if M is a hyperbolic 3-manifold of finite volume, then the trace field K, of M
is a Z3'-extension of the invariant trace field K;f,) of M for some non-negative integer m [15].

PROPOSITION 2.6 If p € R(M) is non-virtually reducible, then K, is a 75 -extension of K(z) for
some non-negative integer m. If M is a Zp-homology 3- sphere then K, —K(z) for any
p € RM).
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Proof. Set T' = ar;(M). Then I'/T® is a finite abelian group of exponent 2. In particular if M is
a Zy-homology 3-sphere, then I" = I'®. The conclusions of the proposition follow from Lemma
2.3 and the definition of Kf).

LeEmMmA 2.7 (Jaco [18, Corollary 2.3]) Let M be an irreducible closed 3-manifold. Suppose that
(M) has a surface subgroup which is contained in infinitely many distinct subgroups of finite
index in wi(M). Then M is virtually Haken.

For any field J and any field automorphism o of J, o extends naturally to a group automor-
phism " : SL,(J) — SLy(J) by

f(a b o(a) o)
“W\e a)) "o o@)

If p:I"—SL,(J) is a group representation, then ¢"op is also a representation of I' into
SL,(J). In general, o"°p may not be conjugate to p.

We are now ready to prove Theorem 1.1. Set I' = (M) and let A C T be a surface sub-
group which is algebraically trace- proper with respect to a non-virtually reducible representation
p € R(M), that is, if we set F' = K, , then F' is a proper subfield of K(z) By the note given in
the second paragraph of this section, we may assume that K, is a number field. By Lemma 2.5,
we have a finite-degree field extension L of K, such that p(F) can be conjugated into SL,(L).
Since K|, (as well as each of Kﬁf) and F) is invariant under replacing p by a conjugate of p, we
may assume that p (I') is already contained in SL,(L) for the given p.

By Lemma 2.7, we only need to show that A is contained in infinitely many distinct finite
index subgroups of I'. It is equivalent to show that if I' has a finite-index proper subgroup I’;
which contains A, then I'; itself has a finite-index proper subgroup I';,; which contains A.

By Proposition 2.4, 1f p; is the restriction of p on the finite-index subgroup I'; of I', then
K(z) = (2) Thus K, is not contained in the field F. So there is an element . of F such that
tr(p('y*)) is not contalned in F. It is now enough to show that there is a homomorphism % of I';
into a finite group such that i(y.) is not contained in i(A). For I'jy; = h~ Y(h(A)) will be a ﬁmte
index proper subgroup of I'; containing A.

To find such a homomorphism 4, we extend an idea used in [11]. Let J be the Galois closure
of L as a number field, that is, J is the minimal normal extension of @ containing L. Since
tr(p(y«)) is not in F, there is an element o of the Galois group G = Aut(J/F) such that
o(tr(p (y+))) — tr(p(y:)) # 0. Suppose that I'; is generated by elements v,,...,y,. Then p(I)) is
generated by p(7vi),....,p(y,). Let R be the subring of J generated by all the entries of
p(v1), ..., p(¥n), and all the images of these entries under the map o, together with the identity
element 1. Then R is a finitely generated integral domain with 1, and both p(I';) and o*(p (1))
are contained in SL,(R). For such R the intersection of all the maximal ideals is the zero element
and the quotient of R by any maximal ideal is a finite field (see, for example, [22, 4.1]). Now
since a(tr(p(y«))) — tr(p(y=)) # 0, there is a maximal ideal I of R which does not contain the
element o(tr(p (y«))) — tr(p (y«)). Let ¢ : SLr,(R) — SLy(R/I) be the canonical projection homo-
morphism and let ¢ : SLy(R) — SLy(R/I) X SL,(R/I) be the map defined by sending a matrix D of
SL,(R) to (D), p(c”(D))). Then i is a well-defined group homomorphism. The composition
h = op is the required homomorphism from I'; to the finite group SL,(R/I) X SLy(R/I). In fact,
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for any element & of A, h(J) is a pair of matrices with the same trace (since o fixes F pointwise),
while A(y-) is a pair of matrices with distinct traces. The proof of Theorem 1.1 is now complete.

Now we prove part (1) of Theorem 1.3. Set I' = (M), Q; = m(M;) and A = ((S). Then
I'=04 %, O, is a free product with amalgamation. We apply the following lemma from [12].
Recall that a group I' is said to have virtually free quotient if I" has a finite-index subgroup
which has a homomorphism onto a non-abelian free group. Note that virtually free quotient
implies virtually oo first Betti number.

LEMMA 2.8 [12, Lemma 2.2] (a) Assume that the group T = Q:xQy has a finite quotient
q : ' — G such that q(\) is a proper subgroup of q({);) for both i = 1,2; then I' has virtually
positive first Betti number.

(b) If, in addition to (a), the index of q(A) in q();) is larger than 2 for at least one of
i = 1,2, then I has virtually free quotient.

So to prove the first assertion of part (1) of Theorem 1.3, we only need to provide a finite
quotient of I" satisfying the conditions of part (a) of Lemma 2.8. As K, is a proper subfield of
K ,jq,. there is an element y; € ();, for each i = 1,2, such that tr(p(vy;)) is not contained in KA
The proof of 1.1 implies that has a finite-index subgroup I'; such that I'; contains A but does not
contain y. So I'; =I'; NI, is a finite-index subgroup of I' which contains A but contains
neither y; nor vy,. Let I'4 be the intersection of all the conjugates of I'5 in I'. Then I'y is a finite-
index normal subgroup of I' and ¢ : ' —=T'/T'y is the finite quotient sought as g(A) # g({);)
because g(A) C ¢(I'3) but g(7y;) & g(I'3), for each i = 1,2.

Similarly to prove the second assertion of part (1) of Theorem 1.3 we use the additional
hypothesis to find a finite quotient of I" as described in part (b) of Lemma 2.8. By that hypo-
thesis there is y; € (); such that tr(y[z) is not contained in K, for at least one of i = 1,2, say
i =1 (applying Lemma 2.3). Again we can find a finite index subgroup I'; of I' which contains
A but does not contain y%. As above one constructs I';, I3 =1y N1, Ty, and g : T'— I'/T'4. But
now the index of g(A) in g({);) is larger than 2 since g(y?) is not contained in g(I';) and part
(b) of Lemma 2.8 may be applied to complete the proof.

The proof for part (2) of Theorem 1.3 is similar to that of part (1) but applying another
lemma of [12] recorded below.

LEMMA 2.9 [12, Lemma 2.4] Let I’ = Q.5 be an HNN-extension. Suppose that there is a finite
quotient q : I' — G such that q(\) is not contained in q(€)y). Then I has virtually free quotient.

Finally we prove Theorem 1.5, that is, we prove Theorem 1.1 and Theorem 1.3 in the
PSL,(C) setting. To prove the PSL;(C)-counterpart of Theorem 1.1, let M be a closed irreduci-
ble 3-manifold with a non-virtually reducible PSL,(C) representation p and with a surface sub-
group A such that K, is a proper subfield of K. Set I' = r;(M) and consider the subgroup
& '((I) of SLy(C). By definition K5 is the trace field of @ '(4(I")). The group ® ' (4("?)) is
generated by (<I>_1(ﬁ(1")))(2) and —/, where [ is the identity matrix. Hence the trace field of
(@ 1(AT)))? is equal to the trace field of &~ '(H(T?)). Now if I'; is a finite-index subgroup of
I', then (I)_l(ﬁ(Fl)) is a finite-index subgroup of ((I)“(,S(F)))@), By Proposition 2.4 the trace
field of (@~'(B(I')))? is the same as that of (®~'(4(I)); It follows that K .o) = K s, that is,
Proposition 2.4 holds for PSL,(C)-representations as well. g

Again by the Hilbert Nullstellensatz and [5] (cf. [3]) we may assume that K is a number
field. By Lemma 2.5, we have a finite-degree field extension L of K5 such that @71(;3(1")) can be
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conjugated into SL,(L). Since K (as well as each of K50 and K1, ) is invariant under replacing
p by a conjugate of p, we may assume that @71(;3 (I')) is already contained in SL,(L) for the
given p. By Lemma 2.7, we only need to show that A is contained in infinitely many distinct
finite-index subgroups of I'. This is equivalent to showing that the group ® (5 (A)) is contained
in infinitely many distinct finite-index subgroups of the group & '(5(I")). The proof that the
latter holds now goes exactly as the part of proof of Theorem 1.1 given after Lemma 2.7,
considering CD”(;?(A)) and <I>71(ﬁ(l")) as subgroups of SL,(J).

Theorem 1.3 can be similarly generalized to the PSL,(C)-setting. We omit the obvious
details.

3. Non-Haken 3-manifolds with algebraically trace-proper surfaces

In this section we construct many closed orientable hyperbolic non-Haken 3-manifolds with
algebraically trace-proper surface subgroups.

Let M be a hyperbolic knot manifold, that is, M is a compact 3-manifold whose boundary is a
torus and whose interior admits a complete hyperbolic metric of finite volume. We use M(«) to
denote the Dehn filling of M with slope « and use A(e, B) to denote the distance between two
slopes a and 3 on dM.

Let (F, dF) C (M, dM) be a connected compact orientable properly embedded incompressible
and d-incompressible surface with non-empty boundary such that F separates M. Let b be the
number of components of JF and g the genus of F. Since F separates M, b is even. Let By, ..., Bp
be the boundary components of F indexed so that they appear successively on dM, and let 3 be
the slope represented by each f3;. Let X; and X, be the two components into which F separates M.

Let Sy be the closed immersed surface in M constructed from F by Freedman—Freedman tub-
ing; that is, connecting each pair {3, 32;} of boundary components of F by an immersed
annulus A;; which winds around dM (within a regular neighbourhood of dM) k times, starting at
the X;-side. See Fig. 1 for an illustration when b = 2 and k = 3. It is shown in [4] that S; is an
incompressible closed surface in M and remains incompressible in M(«) if k is sufficiently large
and if the distance A(w, B) between the slopes « and B is sufficiently large. Explicit lower
bounds for k and for A(e, B) are given in [10]. It is shown in [10] that if k = P(F) + 1, then S;
is ar-injective in M, where P(F)=6g+4b— 6, and that if k= GBP(F)+ 1)/2 and
A(a, B) =15P(F) + 3, then S, remains 7rj-injective in M(a). A better estimate for P(F) is

Fig. 1 The immersed closed surface Sy = F U A in M (when b = 2 and k = 3).
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independently obtained in [2], which is 4g 4+ 3b — 3. (That is, [10, Lemma 2.3] can be replaced
by [2, Theorem 6.2.1].) We summarize this discussion as follows.

LEMMA 3.1 The closed immersed surface Sy is i-injective in M(«) if k = 6g + %b — 4 and if
A(a, B) = 60g + 45b — 42.

Let & be a primitive nth root of unity, where n > 2. It is well known that the extension degree
of the field Q(§) over Q is equal to ¢(n), where ¢ is the Euler function, and the degree of the
field Q(&+ &) is @(n)/2. For simplicity, we just take a special case of this as given in the
following lemma. Note that if p is a prime factor of n, then ¢(n) = ¢(p) =p — 1.

LEMMA 3.2 Let & be a primitive nth root of unity such that n contains a prime factor p > 2.

Then [Q(€),Q] =p — 1 and [Q(E+ E71H,Q] = (p — 1)/2.

Let G be a triangle group with the presentation G = (x,y;x" = y" = (xy)*). f L+ 141 <1,
the triangle group is hyperbolic, it is thus orbifold fundamental group of the hyperbolic 2-orbi-
fold which is a 2-sphere with three cone points of indices m, n, k. It is well known that any tri-
angle group can be embedded in PSL,(C) as a discrete subgroup. So we may and will consider
G as a discrete subgroup of PSL,(C). If G is hyperbolic, then it is a non-virtually reducible
subgroup of PSL,(C).

Suppose I is a group with a representation p : I'— PSL,(C) whose image is a hyperbolic tri-
angle group G with a presentation as given above. Then p is non-virtually reducible. The trace
field of p is generated by the traces of three fixed elements in SL,(C) with orders 2m, 2n and 2k
respectively. The trace of a matrix in SL,(C) of order 2k is £+ & !, where & is a 2kth root of
unity. Hence, by Lemma 3.2, if k is a prime number larger than 4 then [K;: Q] = %(k -1)>1

Let K be a (p,q,r) pretzel knot in S 3. where p, q, r are all positive integers larger than one
such that r is an even integer, p and ¢ are odd integers with their greatest common divisor
d = gcd(p,q) = 3. By [16], K is a small knot, that is, its exterior M in $3 does not contain
closed orientable incompressible non-boundary parallel surfaces. Hence by [7] all but finitely
many Dehn surgeries on K produce non-Haken 3-manifolds. By [21] all but finitely many sur-
geries on K produce hyperbolic manifolds. By [8] (or by [6, Lemma 2.1] since K is an alternat-
ing knot), the natural spanning surface (see Fig. 2(a) for an illustration) is a 7rj-injective
incompressible non-orientable surface (a punctured Klein bottle) in M with boundary slope
2(p + g) (with respect to the standard meridian-longitude basis of K). The orientable double
cover of this spanning surface in M is an incompressible twice punctured torus. In fact, K
embeds in the boundary surface of a standard genus-two handlebody H; in S3 such that
F = 0H\N(K) is the incompressible twice punctured torus. Let H, be the other genus-two han-
dlebody separated by dH, in S°. The knot exterior M is equal to X; Uy X», where each X; is a
genus-two handlebody. Note that X is a regular neighbourhood of the spanning surface of K
mentioned above. (Fig. 2 illustrates the situation for the (3, 3, 2)-pretzel knot.) Let B, and 3, be
the two boundary components of F. Fix a point xy in 3; as a base point for all the fundamental
groups we shall be considering. Note that K is a hyperbolic knot since K is small and since any
torus knot cannot have an embedded incompressible twice punctured torus in its exterior.

It is proved in [19] that H(X,F) = Z, and H(X,, F) = Z,4, where d = gcd(p, q). 1t follows
that there is a surjective homomorphism ¢ from (M) = 7(X )y rym(X2) to Zo%Z4 with
d(m(X1)) = 2o, p(m(X2)) = Z4 and ¢(7(F)) = 1. Let p an element in 7r(dM) represented
by an oriented meridian of K and let 8 € m(dM) be an element represented by the boundary
component B; of F with an orientation. Then w and 3 form a basis for 7 (dM). From Fig. 2(b),
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(@) (b)

Fig. 2 (a) The spanning surface for a (p, g, r)-pretzel knot; (b) a (p, g, r)-pretzel knot in the boundary of a standard
genus-two handlebody. (When p =3, g =3 and r = 2.)

we see that p can be expressed as y;y, for some y; € 7 (X;) and some vy, € m(X3). Since
normally generates 7 (M), it follows that ¢p(u) = &(y1)Pp(y2) = xy, where x is a generator of Z,
and y is a generator of Z,. For any positive integer k, 7r(M) has a representation p into PSL ,(C)
whose image is a triangle group of the form (x,y;x> = y¢ = (xy)* = 1). Furthermore if « is a
slope on dM represented by w*” 3", then p factors through 7 (M(c)); that is, p can be considered
as a representation of (M (w)).

Now using this surface F, we construct a closed immersed surface S; in M by Freedman—
Freedman tubing as described earlier in this section. By Lemma 3.1, S; is 7rj-injective in M(«)
if k=11 and if A(a, B) = 108. Now choose k to be any fixed prime integer larger than 11.
From Fig. 1 and Fig. 2(b), it is easy to see that 7 (Si;) is generated by 7r;(F) and /.Lk8 for some
element 0 € m(X;). Hence the image of 7(Si+;) under the representation p is generated by
p(uk8) = p(8). Thus the trace field K Blaysean is generated by the traces of elements in @~ '(5(8))
over Q. But elements in @~ '(4(5)) are of order at most 4. Hence their traces are in @. There-
fore, Kﬁlm(x,m) =

Let « be the slope represented by u* ™" with (km,n) = 1. Then A(a, B) = km. So if m = 10,
then Sy, is m-injective in M(«). Also 7(M(«)) has the representation p whose image is the tri-
angle group (x,y;x> = y¢ = (xy)*). As k > 10, the triangle group is hyperbolic and thus g is
non-virtually reducible. If m is odd, then the first homology of M(«) is cyclic of odd order. Thus
if we set I' = 7r{(M(«)), then T'® = T'. Therefore the invariant trace field of p (as a represen-
tation of I') is equal to the trace field of p, whose extension degree is at least %(k — 1) by the
discussion following Lemma 3.2.

In summary we have shown that for any slope « represented by w”*g" with (mk,n) =1,
k = 11 prime, m = 10 odd, m(M(«)) has an algebraically trace-proper surface subgroup. Theo-
rem 1.6 follows.
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