
21 | Embeddings
of Manifolds

21.1 Definition. Let X be a topological space and let f : X → R be a continuous function. The supportof f is the closure of the subset of X consisting of points with non-zero values:
supp(f ) = {x ∈ X | f (x) 6= 0}

21.2 Definition. Let X be a topological space and let U = {Ui}i∈I be an open cover of X . A partition
of unity subordinate to U is a family of continuous functions {λi : X → [0, 1]}i∈I such that(i) supp(λi) ⊆ Ui for each i ∈ I;(ii) each point x ∈ X has an open neighborhood Ux such that Ux ∩ supp(λi) 6= ∅ for finitely many

i ∈ I only;(iii) for each x ∈ X we have ∑i∈I λi(x) = 1.
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21.4 Lemma. Let X be a topological space, let U = {Ui}i∈I be an open cover of X and let {λi}i∈I be
a partition of unity subordinate to U.

1) Let i ∈ I and let fi : Ui → Rn be a continuous function. Then the function f̃i : X → Rn given by

f̃i(x) = {λi(x)fi(x) for x ∈ Ui0 for x ∈ X r Ui

is continuous.

2) Assume that for each i ∈ I we have a continuous function fi : Ui → Rn, and let f̃i : X → Rn be
the function defined as above. Then the function f̃ : X → Rn given by

f̃ (x) =∑
i∈I

f̃i(x)
is continuous.

Proof. Exercise.
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21.5 Proposition. Let X be a normal space. For any finite open cover {U1, . . . , Un} of X there exists
a partition of unity subordinate to this cover.

21.6 Finite Shrinking Lemma. Let X be a normal space and let {U1, . . . , Un} be a finite open cover
of X . There exists an open cover {V1, . . . , Vn} of X such that V i ⊆ Ui for each i ≥ 1.

21.7 Shrinking Lemma. Let X be a normal space and let {Ui}i∈I be a open cover of X such that each
point of X belongs to finitely many sets Ui only. There exists an open cover {Vi}i∈I of X such that
V i ⊆ Ui for all i ∈ I.

Proof. Exercise.
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Proof of Proposition 21.5.

21.8 Corollary. If X is a compact Hausdorff space then for every open cover U of X there exists an
partition of unity subordinate to U.
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21.9 Theorem. If M is a compact manifold without boundary then for some N ≥ 0 there exists an
embedding j : M → RN .
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21.11 Definition. Let M be a manifold with boundary ∂M . The double of M is the topological space
DM = M × {0, 1}/∼

where {0, 1} is the discrete space with two points and ∼ is the equivalence relation on M × {0, 1}given by (x, 0) ∼ (x, 1) for all x ∈ ∂M .

M M × {0, 1} DM

21.12 Proposition. If M is an n-dimensional manifold with boundary then DM is an n-dimensional
manifold without boundary. Moreover, if M is compact then so is DM.

Proof. Exercise.

21.13 Corollary. If M is a compact manifold with boundary then for some N > 0 there exists an
embedding M → RN .
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