
14 | Compact Spaces

14.1 Definition. Let X be a topological space. A cover of X is a collection Y = {Yi}i∈I of subsets of
X such that ⋃i∈I Yi = X .

X

Y1 Y2

Y3

If the sets Yi are open in X for all i ∈ I then Y is an open cover of X . If Y consists of finitely manysets then Y is a finite cover of X .
14.2 Definition. Let Y = {Yi}i∈I be a cover of X . A subcover of Y is cover Y′ of X such that everyelement of Y′ is in Y.
14.3 Example. Let X = R. The collection

Y = {(m,n) ⊆ R | m,n ∈ Z, m < n}

is an open cover of R, and the collection
Y′ = {(−n, n) ⊆ R | n = 1, 2, . . . }

is a subcover of Y.
14.4 Definition. A space X is compact if every open cover of X contains a finite subcover.
14.5 Example. A discrete topological space X is compact if and only if X consists of finitely manypoints.
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14.6 Example. Let X be a subspace of R given by
X = {0} ∪ { 1

n | n = 1, 2, . . . }
The space X is compact. Indeed, let U = {Ui}i∈I be any open cover of X and let 0 ∈ U0. Then thereexists N > 0 such that 1

n ∈ Ui0 for all n > N . For n = 1, . . . , N let Uin ∈ U be a set such that1
n ∈ Uin . We have:

X = Ui0 ∪ Ui1 ∪ · · · ∪ UiNso {Ui0 , Ui1 , . . . , UiN} is a finite subcover of U.
14.7 Example. The real line R is not compact since the open cover

Y = {(n− 1, n+ 1) ⊆ R | n ∈ Z}

does not have any finite subcover.
14.8 Proposition. Let f : X → Y be a continuous function. If X is compact and f is onto then Y is
compact.

Proof. Exercise.
14.9 Corollary. Let f : X → Y be a continuous function. If A ⊆ X is compact then f (A) ⊆ Y is compact.

Proof. The function f |A : A→ f (A) is onto, so this follows from Proposition 14.8.
14.10 Corollary. Let X , Y be topological spaces. If X is compact and Y ∼= X then Y is compact.

Proof. Follows from Proposition 14.8.
14.11 Example. For any a < b the open interval (a, b) ⊆ R is not compact since (a, b) ∼= R.
14.12 Proposition. For any a < b the closed interval [a, b] ⊆ R is compact.

Proof. Let U be an open cover of [a, b] and let
A = {x ∈ [a, b] | the interval [a, x ] can be covered by a finite number of elements of U}

Let x0 := supA.
Step 1. We will show that x0 > a. Indeed, let U ∈ U be a set such that a ∈ U . Since U is open wehave [a, a+ ε) ⊆ U for some ε > 0. It follows that x ∈ A for all x ∈ [a, a+ ε). Therefore x0 ≥ a+ ε.
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Step 2. Next, we will show that x0 ∈ A. Let U0 ∈ U be a set such that x0 ∈ U0. Since U0 is open and
x0 > a there exists ε1 > 0 such that (x0 − ε1, x0] ⊆ U0. Also, since x0 = supA there is x ∈ A suchthat x ∈ (x0 − ε1, x0]. Notice that

[a, x0] = [a, x ] ∪ (x0 − ε1, x0]
By assumption the interval [a, x ] can be covered by a finite number of sets from U and (x0 − ε1, x0] iscovered by U0 ∈ U. As a consequence [a, x0] can be covered by a finite number of elements of U, andso x0 ∈ A.
Step 3. In view of Step 2 it suffices to show that x0 = b. To see this take again U0 ∈ U to be a setsuch that x0 ∈ U. If x0 < b then there exists ε2 > 0 such that [x0, x0 + ε2) ⊆ U0. Notice that for any
x ∈ (x0, x0 + ε2) the interval [a, x ] can be covered by a finite number of elements of U, and thus x ∈ A.Since x > x0 this contradicts the assumption that x0 = supA.
14.13 Proposition. Let X be a compact space. If Y is a closed subspace of X then Y is compact.

Proof. Exercise.
14.14 Proposition. Let X be a Hausdorff space and let Y ⊆ X . If Y is compact then it is closed in X .

Proposition 14.14 is a direct consequence of the following fact:
14.15 Lemma. Let X be a Hausdorff space, let Y ⊆ X be a compact subspace, and let x ∈ X r Y .
There exists open sets U,V ⊆ X such that x ∈ U , Y ⊆ V and U ∩ V = ∅.

x Y
U

VX

Proof. Since X is a Hausdorff space for any point y ∈ Y there exist open sets Uy and Vy such that
x ∈ Uy, y ∈ Vy and Uy ∩ Vy = ∅. Notice that Y ⊆ ⋃y∈Y Vy. Since Y is compact we can find a finitenumber of points y1, . . . , yn ∈ Y such that

Y ⊆ Vy1 ∪ · · · ∪ VynTake V = Vy1 ∪ · · · ∪ Vyn and U := Uy1 ∩ · · · ∩ Uyn .
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Proof of Proposition 14.14. By Lemma 14.15 for each point x ∈ X rY we can find an open set Ux ⊆ Xsuch that x ∈ Ux and Ux ⊆ X r Y . Therefore X r Y is open and so Y is closed.
14.16 Corollary. Let X be a compact Hausdorff space. A subspace Y ⊆ X is compact if and only if Y
is closed in X .

Proof. Follows from Proposition 14.13 and Proposition 14.14.
14.17 Proposition. Let f : X → Y be a continuous function, where X is a compact space and Y is a
Hausdorff space. For any closed set A ⊆ X the set f (A) is closed in Y .

Proof. Let A ⊆ X be a closed set. By Proposition 14.13 A is a compact space and thus by Corollary14.9 f (A) is a compact subspace of Y . Since Y is a Hausdorff space, using Proposition 14.14 we obtainthat f (A) is closed in Y .
14.18 Proposition. Let f : X → Y be a continuous bijection. If X is a compact space and Y is a
Hausdorff space then f is a homeomorphism.

Proof. This follows from Proposition 6.13 and Proposition 14.18.
14.19 Theorem. If X is a compact Hausdorff space then X is normal.

Proof. Step 1. We will show first that X is a regular space (9.9). Let A ⊆ X be a closed set andlet x ∈ X r A. We need to show that there exists open sets U,V ⊆ X such that x ∈ U , A ⊆ V and
U ∩ V = ∅. Notice that by Proposition 14.13 the set A is compact. Since X is Hausdorff existence ofthe sets U and V follows from Lemma 14.15.
Step 2. Next, we show that X is normal. Let A,B ⊆ X be closed sets such that A ∩B = ∅. By Step 1for every x ∈ A we can find open sets Ux and Vx such that x ∈ Ux , B ⊆ Vx and Ux ∩ Vx = ∅. Thecollection U = {Ux}x∈A is an open cover of A. Since A is compact there is a finite number of points
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x1, . . . , xm ∈ A such that {Ux1 , . . . , Uxm} is a cover of A. Take U := ⋃m
i=1 Uxi and V := ⋂m

i=1 Vxi . Then
U and V are open sets, A ⊆ U , B ⊆ V and U ∩ V = ∅.

Exercises to Chapter 14

E14.1 Exercise. Prove Proposition 14.8.
E14.2 Exercise. Prove Proposition 14.13.
E14.3 Exercise. Let X be a Hausdorff space and let A ⊆ X . Show that the following conditions areequivalent:(i)) A is compact(ii)) A is closed in X and in any open cover {Ui}i∈I of X there exists a finite number of sets Ui1 , . . . , Uinsuch that A ⊆ ⋃n

k=1 Uik .
E14.4 Exercise. a) Let X be a compact space and for i = 1, 2, . . . let Ai ⊆ X be a non-empty closedset. Show that if Ai+1 ⊆ Ai for all i then ⋂∞i=1 Ai 6= ∅.b) Give an example of a (non-compact) space X and closed non-empty sets Ai ⊆ X satisfying Ai+1 ⊆ Aifor i = 1, 2, . . . such that ⋂∞i=1 Ai = ∅.
E14.5 Exercise. a) Let X be a compact Hausdorff space and for i = 1, 2, . . . let Ai ⊆ X be a closed,connected set. Show that if Ai+1 ⊆ Ai for all i then ⋂∞i=1 Ai is connected.b) Give an example of a space X and subspaces A1 ⊆ A2 ⊆ . . . ⊆ X such that Ai is connected for each
i but ⋂∞i=1 Ai is not connected.
E14.6 Exercise. The goal of this exercise is to show that if f : X → R is a continuous function and Xis a compact space then there exist points x1, x2 ∈ X such that f (x1) is the minimum value of f and
f (x2) is the maximum value.Let X be a compact space and let f : X → R be a continuous function.a) Show that there exists C > 0 such that |f (x)| < C for all x ∈ X .b) By part a) there exists C > 0 such that f (X ) ⊆ [−C, C ]. This implies that inf f (X ) 6= −∞and sup f (X ) 6= +∞. Show that there are points x1, x2 ∈ X such that f (x1) = inf f (X ) and that
f (x2) = sup f (X ).
E14.7 Exercise. Let (X, ρ) be a compact metric space, and let f : X → X be a function such that
ρ(f (x), f (y)) < ρ(x, y) for all x, y ∈ X , x 6= y.a) Show that the function φ : X → R given by φ(x) = ρ(x, f (x)) is continuous.
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b) Show that there exists a unique point x0 ∈ X such that f (x0) = x0.
E14.8 Exercise. Let f : X → Y be a continuous map such for any closed set A ⊆ X the set f (A) isclosed in Y .a) Let y ∈ Y . Show that if U ⊆ X is an open set and f−1(y) ⊆ U then there exists an open set V ⊆ Ysuch that y ∈ V and f−1(V ) ⊆ U .b) Show that if Y is compact and f−1(y) is compact for each y ∈ Y then X is compact.
E14.9 Exercise. Let X, Y be topological spaces, and let p1 : X × Y → X be the projection map:
p1(x, y) = x . Show that if Y is compact then for any closed set A ⊆ X × Y the set p1(A) ⊆ X is closedin X.
E14.10 Exercise. A continuous function f : X → Y is a local homeomorphism if for each point x ∈ Xthere exists an open neighborhood Ux ⊆ X such that f (Ux ) is open in Y and f |Ux : Ux → f (Ux ) is ahomeomorphism.a) Assume that f : X → Y is a local homeomorphism where X is a compact space. Show that for each
y ∈ Y the set f−1(y) consists of finitely many points.b) Assume that f : X → Y is a local homeomorphism where X is a compact Hausdorff space and Y is aHausdorff space. Let y ∈ Y be a point such that f−1(y) consists of n points. Show that there exists anopen set V ⊆ Y such that y ∈ V and that for each y′ ∈ V the set f−1(y′) consists of n points.


