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E(x) =exp (> ﬂ) be the Artin-Hasse exponential function. Let v be a root of

log (E(x)) in @p with ord, v = p%]. Then E(v) is a primitive p-th root of unity.
Denote it by (,. It is observed that Z,[v] = Z,[(,]. For every ¢ > 1, recall the

p-ADIC VARIATION OF L FUNCTIONS OF ONE VARIABLE
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Abstract. For a polynomial f(x) in (Zp N Q)[x] of degree d > 3 let L(f ® F; T) be the L function
of the exponential sum of f mod p. Let NP (f ® [Fp) denote the Newton polygon of L(f ® Fp; T).
Let HP (A?) denote the Hodge polygon of A9, which is the lower convex hull in R? of the points
(n, "(;—;1)) for0 <n<d-—1.Let A4 be the space of degree-d monic polynomials parameterized

by their coefficients. Let GNP (A9 F p) = inf];E AE )NP () be the lowest Newton polygon over
»

Fp if exists. We prove that for p large enough GNP (Ad; Fp) exists and we give an explicit formula
for it. We also prove that there is a Zariski dense open subset I/ defined over Q in A4 such that for
f € U(Q) and for p large enough we have NP (f ® Fp) = GNP (A9, [Fp); furthermore, as p goes to
infinity their limit exists and is equal to HP (A9). Finally we prove analogous results for the space
of polynomials f(x) = x4 + ax with one parameter. In particular, for any nonzero a € Q we show
that limp_, oo NP (x4 + ax) ® Fp) = HP (A9).

1. Introduction. In this paper d is an integer > 3. Let A? be the d-
dimensional affine space identified with the space of degree-d monic polyno-
mials parameterized by their coefficients. We always assume that p is a prime
coprime to d. Let @p and Z, be the algebraic closure of Q, and its ring of
integers respectively. Let f(x) a polynomial of one variable in Ad(Zp N Q). Let

j=0 p/

exponential sums of the reduction f ® [, of f modulo p

Trp , /B, (fOQFp)
Sf@F) =Y ¢’ :

xE]Fpg

The L-function of the exponential sum of f ® IF,, is defined by

ey

) T
L(f QF,;T) :=exp ZSZ(f@FP)T
(=1
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It is well known (or simply using the Weil Conjecture for curves combined with
(3) below) that

() L(f@F,;T)=1+b1T+byT* + -+ by T € ZIGIT].

Let ord, (-) denote the unique extension of the (additive) p-adic valuation in
Qp to @p. We also denote by ord, (-) the p-adic valuation of the content of a
power series over Z, (see [10, pages 209 and 181] for its standard definition).
Define the Newton polygon of the L-function of f ® IF,, denoted by NP (f ® IF),),
as the lower convex hull of the points (n, ord, b,) in R2 for 0 < n < d—1, where
we set by = 1. The Hodge polygon of f, denoted by HP (A%), is the lower convex
hull in R? of the points (n, "(’;—;1)) for 0 < n < d — 1. It is known that HP (A%)
is a lower bound of NP (f ® F,) (see [17, Propositions 2.2 or 2.3]) and that if
p =1 mod d then NP(f ® F,) = HP (A?) for every f € AY(Q) (see [16, (3.11)]).

The main results of this paper are Theorems 1.1, 5.1 and 6.2. Theorem 1.1
was a conjecture of Daqing Wan, proposed in the following form in the number
theory seminar at Berkeley in the fall of 2000 (see also [18, Section 2.5] for
developments related to this topic). This theorem follows from Theorem 5.1.

THEOREM 1.1. There is a Zariski dense open subset U defined over Q in A¢
such that for all f(x) € U(Q) we have

plLrgo NP (f ® F,) = HP (AY).

Remark 1.2. The case d = 3 follows from [16, (3.14)], and the case d = 4 is
discussed in [6, Corollary 4.7]. The first slope case was proved recently by an
elementary method in [12] (see also [13]). Results concerning Wan’s conjecture

“over Q” are forthcoming in [22].

Theorem 1.1 yields an answer toward questions (in one variable case) pro-
posed by Katz which asked how the Newton polygon of the L function of expo-
nential sums varies with the prime p (see Katz’s questions and Sperber’s example
on page 151 of [7, Chapter 5.1]). For more developments in these directions see
[14], [15] and [2] and their bibliographies.

Let Xy: y» —y =f(x) ® F,, be an Artin-Schreier curve over [F,. The Newton
polygon of Xy, denoted by NP (X; ® [F)), is the p-adic Newton polygon of the
numerator of the Zeta function Zeta (X; @ F,; T) of Xy over F,. It is well known
that (see, for example, [3, Section VI, (93)])

N,/ Lf @ Fp; T))
1-7(1—-pT) ~

3) Zeta(Xr @ F); T) =

where the norm N,/ being interpreted as the product of the conjugates of
L(f ® F); T) in Q((,) over Q, the automorphism acting trivially on the variable
T. Thus NP (f ®[F,) is precisely equal to NP (X; ® IF,,) shrunk by a factor of p%]
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NP (X;®F)p)

T From these remarks

horizontally and vertically, which is denoted by
the following corollary is obvious.

COROLLARY 1.3. There exists a Zariski dense open subset U defined over Q in
A? such that for every f € U(Q) we have

NP (X; @ F
lim P& © )
p—00 p_

= HP (AY).

Remark 1.4. (a) The behavior of NP (x¢ ® IF,) is well understood. For the
reader’s convenience we describe them briefly below. Let o be a permutation in
the symmetric group S;_; such that for every 1 < n < d — 1 we let o(n) be
the least positive residue of pn mod d. Write o as a product of disjoint cycles
(including 1-cycles). Let 0; be a ¢;-cycle in 0. Let \; := > n/(d/;) where the sum
ranges over all n in the standard representation of the ¢;-cycle o;. Arrange o; in
such an order that A; < \» < ---. For every o; in ¢ let the pair (\;, {;) of rational
numbers represent the line segment of (horizontal) length ¢; and of slope A;. The
Jjoint of line segments (A;, ;) is the lower convex hull consisting of line segment
(Ai, £;)’s connected at their end-points. The eigenvalues of L(x? ®F,; T) are Gauss
sums (see [8, chapter III]). By the Stickelberger theorem (see [20, Chapter 6]),
the p-adic Newton polygon of L(x? ® F,; T) and hence NP (x? ® F,) is the joint
of (A;, £;)’s. (I thank Kiran Kedlaya for discussions here.)

(b) For every d > 3 the Newton polygon NP (x4 ® [F,) does not have a limit
as p approaches oo. Indeed, it is clear from the above that for p = 1 mod d the
Newton polygon is equal to the Hodge polygon while for p = —1 mod d the
Newton polygon is a straight line of slope 1/2.

This paper is organized as follows. In Section 2 notations and terminologies
are introduced. Using Dwork’s p-adic analysis, we define the Fredholm polygon
of f(x) over IF, and show that it is equal to NP(f ® IF,). Section 3 is a key
step in the proof; it constructs an nth generic polynomial, denoted by f/», proves
that they are nonzero and hence defines some Zariski dense open subset V, in
A?=1 1t is recommended that the reader skip Section 3 at first and continue with
Section 4, where we immediately apply Dwork’s p-adic theory to determine the
Fredholm polygon. In Section 5 we prove that in some Zariski dense open subset
the Fredholm polygon and Newton polygon coincide if p is large enough. We
prove Theorem 5.1 there. Finally in Section 6 we study the families f(x) = x? +ax
and prove Theorem 6.2 there.

Acknowledgments. It is my great pleasure to thank Alan Adolphson and
Steven Sperber who exposed me to Dwork theory during the Dwork trimester
in Italy (2001). I thank Hanfeng Li, Daqing Wan, and the referees for careful
reading and very helpful comments on earlier versions. Most of all I thank Bjorn
Poonen for generously sharing ideas and answering questions.
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2. Dwork p-adic theory. The fundamental material in our exposition fol-
lows [3, Sections II and III] (see also [5] [4] and [1]). Recall that p is a prime num-
ber coprime to d. Let f(x) = x + X% i € F,[x]. Let f(x) = x4 + X0 aid €
(Z, N Q)[x] and az = 1 such that reduction of f(x) at p is equal to f(x). For
any ap € Z,(1Q, by a simple computation with (1), one easily concludes that
L((f+ag) @F,;T) = L(f @ Fp; C;jOT). Thus we have

“4) NP((f+ap) @®F,) =NP(f ®F,).

Write 4 = (ay,...,a4—1) where @; is the Teichmiiller lifting of a;, that is,

4; = ajmod p and & = 4;. Let @ = (aj,...,a4-1) € (Z, N Q)*~L. Let O(x) =

E(~x), where E(-) and ~y are as defined in Section 1. Then we may write 0(x) =
me0 AmX™ for A, € Zp[(,]. Note the following properties,

m=0
) ordy Ay > %;
for 0 < m < p —1 we have,
(6) Ay = Zi—": and ord, A, = }%.
Let A = (A,...,Ag—1) be a vector of variables and m = (my,...,my—_1). Write

A" for the monomial AT - ~A31f]'. Let G,(A) = 0 for n < 0. For every integer
n >0 let

(7 G A= D Ay A AT

nmp>0

ZZ:I tmg=n

Clearly we observe that G,,(f_f) IS ZP[QP][K], that is, Gn(g) is a polynomial in
variable A and with coefficients in ZplCpl. For all integers my, ...,my > 0 such
that Z;?:l fmy = n, we have dim; + - - - + my) > 221:1 fmy = n and so min (m; +
-+ +mgq) = [5]. Therefore by (7) we have

min (7 + - - - + my) Kl n
p—1 “p—1"dp-1)

®) ord, G,(A) >

Let G(X) := sz:l 0(a;X") € ZplCHIIX]1]. We have

G(X) = (Z Ay @} Xml) (Z Amda;”dxdmd) =3 Gu@x".

m1=0 my=0 n=0
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Let Co(g) =1, and for every n > 1 let

©9) A= Y > sgn(a)HGpu,_uU@( ),

1<u1 <up<---<up 0E€Sp

where sgn (o) is the signature of the permutation o in the nth symmetric group Sh.
It can be verified that this definition makes sense and that C (A) € Zp[ Il A]]

d 1

LEMMA 2.1. Let p be a prime coprime to d. For f(x) = x4 + - ax’ €
(Zp "Q)[x], write d = (ay, . ..,aq—1). Leta = (ay,...,aq—1) be Teichmuller lifting
ofa=@a,...,ds1). Then
(10) L(f@FyT) = 1+by(@T + -+ + by (@

1+>2, (= D'C, @1
(I =pD)A+ 322, (— )G, (a)p"T")

where bi(d), . .., bg—1(d) € Z[(].

Proof. The first equality is a rephrasing of (2). For every positive integer ¢
let

Try , /5, (fFOSFp)
Si(feF,) = ¢ ! .
xelF*,

p

Let

L*(f®F, T)_exp<ZSg(f®IFp) )

l=1

Note that S;(f @ F),) = Se(f @ F,) — 1 so

(11) L*(f @ F,;T)

exp (Z (Se(f@F,) — 1))

I=

(1 —T)exp (ZSz(f@) F,)— )

l=1
= (1 = TL(f @ Fp; T).

For any ¢ > 0 and b € R let L(c, b) be the set of power series defined by

L(c,b) _{ZA X" | Ay € Qp(Gp), 0rdp Ay > — +b}

=0
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Let £(c) := Uper L(c, b). From (8) we have G(X) = > 2, G,(@)X" lie in LA/(p—
1)). For any )" B,X" in L(c), let 1 be the Hecke operator from L(c) to L(cp)
given by ¥(> B,X") = > B,,X". Let a1 = 9 - G(X) be the endomorphism of
L(p/(p— 1)) defined by the composition of the multiplication map by G(X) then
1, namely,

ay <Z B,-X") => (Z G,,ij(é’)Bj) X',
i=0

=0 \ j=0

Choose the standard monomial basis {1,x,x?,...} for the p-adic space L(p/(p —
1)). Then the Q,((,)-endomorphism «; of L(p/(p — 1)) has a matrix representa-
tion by {Gpi_j(c;i)}i j>0. We denote this matrix by F. By the Dwork trace formula
(see [3, Section III]) we have

det(1 — F1T)

L* FpT)= —— .
(f@E:T) det(1 — FipT)

For the first row (i.e., i = 0) of F;, we have Gp,-,j(é) =0 forall j > 1 and
Go(a) = 1. By (9) we have

det(1 — F1T) = (1 — T)det(1 — {Gpij(@T}ij>1) = (1 = T)>_ (= 1)'Cu(@1".
n=0
Therefore, by (11) we have

(1 —T) 32 (— 1Y'Cu@1"

A-DUfF;T)=L(f@F,;T)= = :
1e% et (1 —=pD) 355 (— 1" Cul@)p"T"

By simplification of the above formula, our assertion follows. O

PROPOSITION 2.2. Let the Fredholm polygon of f ® I, denoted by FP (f @ IF,),
be the lower convex hull of points (n, ord, C,(a)) in R? for0 <n<d — 1. Then

NP(f®@F,) =FP(f®@F),).
Proof. By (10) we have
L(f @F,; T)A — pT)(1 — C1pT + Cop*T?* — - ) =1 — O\ T+ CoT? — - -
The (p-adic) Newton polygon of 1 — C;T + C,T? — - - - has only positive slopes
(see [3, II1]), so the Newton polygon of 1 — CipT + Cop*T? — - - - has every slope

> 1. On the other hand, the Newton polygon of L(f ® IF,; T) is symmetric in
the sense that for every slope segment « there is a slope segment 1 — « of the
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same horizontal length. This property is derived from the same fact for New-
ton polygons of Zeta functions of abelian varieties and hence of Artin-Schreier
curves (see, for example, [11, Introduction]). Thus the slopes of NP (f ® [F))
are positive and < 1. Note that the power series 1 — C;T + C,T? — --- is en-
tire (see [9, page 121] for a proof), so are the three factors on the left-hand
side. By the p-adic Weierstrass preparation theorem (see [9, IV.4 Theorem 14]),
NP (f®IF,) coincides with the p-adic Newton polygon of 1 —C{T+---+(— !
Cd_le_l. O

We remark that it is not generally true that L(f @ F,;T) =1 - C, (5)T+ R
(— D' Cup@1 "

3. Generic polynomials and Zariski dense subsets. The following no-
tations and conventions are adopted for the remainder of this section. Given
a polynomial as a sum (or several sums) of polynomials, its formal expansion
means the formal summation of its monomials (so one does not do “arithmetic,”
e.g, cancellations, among its terms). For any m = (my,...,my_1) € Z‘;l let
|m| = Zj‘ll my and m! =my!---my_1!. Fix an integer r with 1 < r < d — 1 and

ged(d,r)=1.Let 1 <n<d-1.

3.1. The residue matrix r, Let 1 < i,j < d — 1. Let r;; be the least
nonnegative residue of —(ri —j) mod d. That is, r;; :=d PIT_]W — (ri — ). Let rfj
be the least nonnegative residue of ri —j mod d.

LemMA 3.1. Let v, be the matrix v, = {rij}i<ij<n. Then 0 < rj < d — 1
and there are no two identical entries in any row (column). In ry_, for every
1 <i<d—1onehasrj=0ifand onlyifj=r + 1.

Proof. By definition, r;; is the least nonnegative residue of —(ri —j) mod d so
we have 0 < r;; < d— 1. We prove for rows. The argument for columns is almost
identical. Suppose we have r;; = r;y then ri —j = ri—j' mod d by definition. Then
j=j modd. Since 1 <j,// <n <d-—1 we have j =/. So there are no identical
entries in any row of r,. Note that r is coprime to d so for every 1 <i<d —1
there is a unique 1 < j < d— 1 (more precisely j = r/; +1) such that ri = j mod d.
This is equivalent to r;; = 0 by definition. This proves the last assertion. O

Let A, be an auxiliary variable. Define a homogeneous auxiliary polynomial
D, = det ({Ad*rij}lgl.,l.gn) of degree n in Q[A4,...,A]. Note that

n d—1
) E : H Z #{1<i<n|r; ,iy=k
(12) D, = sgn (O') Ad_”i,o—(i) = sgn (0-) | I Ad{ikflfnlr’ (@) }
oESn i=1 oESn k=0

LEMMA 3.2. There is a unique highest-lexicographic-order-monomial in the
formal expansion of D,, in Q[Aq, . ..,Aq].
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Proof. It is a combinatorial problem and we shall give an intuitive proof. We
shall do so by verifying the correctness of the following algorithm which can
really be used to obtain the desired highest-lexicographic-order-monomial.

Fix a residue matrix r,. Let ¢ be a permutation in S, awaiting to be defined.
For every entry in r, with r; j, = 0, assign o(ip) := jo and cross off the ip-row and
the jo-column; Let ¢y be the number of all such entries. For every leftover entry
in r, with r; ;, = 1, assign o(iy) := j; and cross off the ij-row and the j;-column;
Let /1 be the number of all such entries. Continue this process until all entries
are crossed off.

It is straightforward to verify that this algorithm uniquely defines a permu-
tation o by the first statement in Lemma 3.1. Moreover, o yields the highest-
lexicographic-order-monomial. Indeed, from (12) one notes that £ is the highest-
Ag-exponent in the formal expansion of D,,; and ¢ is the highest-A,_1-exponent
in a monomial containing A®; and so on. Thus o yields the (unique) highest-

Loy

lexicographic-order-monomial Af}“Af;‘_ ,--A""" in the formal expansion of D,,.

O

LeMMA 3.3. Let M be the (unique) highest-lexicographic-order-monomial of
formal expansion of D,, derived in Lemma 3.2. Then M |4 =1 s the (unique) highest-
lexicographic-order-monomial of lowest degree in the formal expansion of D =l

Proof. It is clear that the evaluation map D, — D, A ,=1 (on the formal expan-
sions) yields a bijective map sending the set of highest-A -exponents monomials
in the formal expansion of D, to the set of lowest-degree-monomials in the formal
expansion of Dj|a 4=1- Applying the same argument for the rest of the variables
inductively, we conclude our assertion immediately. O

3.2. The nth generic polynomial f/» For any 0 < s < n one obtains a
nonempty subset in Z‘gl

d—1
. - d—1
ij = {m = (ml,mz, N ,md_l) € ZZO | med_g =Tij +ds} .
=1

Recall A := (Ay,...,Ay ), and A” := A" ... AT4" For 1 <i,j<d—1let

0 forj<ri+1
(13) 6,] =

1 forj>rl+1.
For 0 <s <mnand 1 <i,j<n define an auxiliary polynomial

(14) Hy(A) = Y hi A"
n_z’e./\/lfj
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where

L (i = 1) (B S s+ ] - i)

i !

LEMMA 3.4. Let0 <s<nandl1 <i,j<n.
(a) The polynomial H(A) in QIA] is nonzero and is supported on every m €

_ , s
M. The degree of its monomials ranges from s + qu ; W up to rij + ds, where the

maximal degree is attained at exactly one monomial A 1 whlle the minimal degree
is attained at one or more monomials.

(b) The polynomial H, (A) has a constant term if and only if s = r; = 0, it has
a linear term if and only lf s =0and rj # 0, in which case this linear monomial is
exactly Ad—ry-

Proof. (a) Since gcd (r,d) = 1 we have —(ir— 1) # 1 mod d. Hence "~ gé Z

and hy; ; J # 0. Now it remains to show

max_|m| = rjj + ds, min |7 = s+ {
meMs,;

rij+S“
mEM

d—1
For m € Mj; we have [ni| < S4-"tmy_¢ = r;j+ds and the equality holds

precisely for m; = --- =mg_» =0 and my_ = rjj+ds. For m € ij one has
clearly (d — V|| > 97" bmg_¢ = ryj +ds. So

|| > Plj-’-dﬂ =5+ W’j*—ﬂ :

d—1 d—1
It is easy to see that there are my,...,my_1 > O satisfying
d—1 d—1
ri,-+ds-‘
15 = |- d d — O)my = r;j + ds.
(15) ;mz {d_l an ;( ymg = rij +ds

For example, let x be the least nonnegative residue of —(r; +ds) mod (d — 1)
then let m; = ngﬁﬂ — K, mp = k and let the rest my = 0. This says that there are

i € M3 with [1i] = {’g*‘ﬂ
(b) Suppose H: (A) has a linear term, then by part (a) we have s+ [ 7 Jﬂ =1,
which implies s = O and r;; # 0. In this case the only solution to (15) is m,— ry =1

and my = 0 for all £ # r;;. So the linear monomial is A;_ ry . In the same vein we
obtain the assertion about the constant term. O
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For1<n<d-—1and 0 <t <c,,let

(16) Cn = 5 <g1€asxzrz o) — migl;”i,di)) ;

(17) Sl = {cr €S, | Zrl o) = mln Zrl o) +dt}
i=1

(18) L& = > ) sen (a)HHfal)(A)-

50+s1+ ~+Sp=t S0
50551 >0 UES

Note that ¢, < n. The polynomial fé(ﬁ) € QIA] will play a central role in this
paper.

Lemma 3.5. (Key-Lemma) Let 1 < n < d — 1. Then there exists t with 0 <
t < ¢y, such that the polynomial 1 (A) # 0. Let t, be the least such t. Let V, be the
complement in A?~" of the variety defined by fi" = 0. Then V, is a Zariski dense
open subset defined over Q of A4,

Proof. Tt suffices to prove the first assertion. We first show that among
the lowest-degree-terms in the formal expansion of ) /" f; there is a unique
highest-lexicographic-order-monomial. This suffices because the polynomial f;
(for some ¢) whose formal expansion contains this unique monomial has to be
nonzero.

Partition the summands of the formal expansion of ) _;”,f; into two parts:

Cn

th ZZ > Sgn((’)HHmo)(A”ZZ > Sgn(g)HHzS’a(z)(A)

oeso oes?
where Y’ ranges over the set of all sq,...,s, > 0 with sy = --- =5, = 0 and
so = t while 3" ranges over the set of all sg,...,s, > 0 with so+---+s5, = ¢

and s, > 1 for some £ = 1,...,n. Denote them by H'(A) and H"(A), respectively.
Note that S, = |J”, ", by which we find

=0"~n>

H = Z sgn(o)HHga(i)(K).

oESh i=1

Let i, ¢/ and 1" denote the lowest degrees in the formal expansions of Y i, f,
H' and H”, respectively. By Lemma 3.4(a), we have p” =Y, ( si+ [%{rs’-‘)
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for some o’ € S,. By the definition of H” we have s; > 1 for some 1 < i < n.
Thus > 7, [%W < . On the other hand, we have

n o n P
< '=min ’7 l,o’(l)—‘ < ’71,0 (1)—‘ )
Helmos a1 —i; d—1

Combining these above, we have pu < p/ < p”. Hence = ¢/ < p’ and it follows
that all degree-y monomials in the formal expansion of > 7" fi lie in the formal
expansion of H’.

Recall from Lemma 3.4(b) that for every i the lowest-degree-monomial of
Hgo(i) is 1 or Ad_ri,a(i) depending on r; ;) = 0 or not, respectively. Then the set of
degree-; monomials of the formal expansion of H' is equal to the set of degree-p
monomials in Dn| A,=1 by a perusal of the definition of D,, in (12). This finishes

the proof by Lemma 3.3. O

4. Fredholm polygons. Let notations be as in previous sections. This sec-
tion will study the shape of Fredholm polygons of f € A?~!. We do this by
considering the p-adic valuation of the content of Gpi,j(g) € Zp[Cp][g] and that
of tlle C,l(g) S ZP[CP][[K]]. We shall consider Gpi_j(g) as formal expressions in
ZplAN .

Throughout this section we adopt the following convention. Fix an integer r
with 1 <r <d—1 and ged(r,d) = 1. Let p be a prime that p = r mod d. Let
a=(ay,...,as—1) € (@Q ﬂZI,)d*I. Let n be an integer with 1 < n < d — 1. For
any rational number R let 7>R denote the terms in (@p(g“p)[[f_\']] whose coefficients
have p-adic valuation > R/(p — 1). We also use it to denote algebraic numbers in
Q,(¢p) with p-adic valuation > R/(p—1) and this should not cause any confusion.
We define y=R analogously. Let

" [pi— o)
LemMA 4.1. For any s > 0 we have
(19) ¢, = max [w-‘ —M, <n;
G'GSn l=] d
+1 —1 1 "
(20) Mn = w + — min Z Tio(i)»

2d d o€Sy -

@1 s {aesnzvi_Ta(i)} :Mn+s}.
i=1
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Proof. Suppose 01,0, € S, are minimizer and maximizer of ) ., P’HT”(’)W,

respectively. Note that V pizi 1 = F%H’j thus

n . . n u
pi = (i) 1 '
max P2 M == [ maxS s —min S 7o | = ¢
€S i=1 ’V d -‘ " d \oesn zzzl bo(i) oESy ; Lo (i) n
For any i, since 1 < o(i) < d — 1, we have

pi — o2(i) pi—o1(D)
[ d WS[ d ]”'

Taking sum both sides and get

= [pi — o)
max {7-‘ <M, +n.
O'GSn l=1 d

This proves (19). Since

S [pi—o@)] _nn+D(p—1) 1K
Z[ d W‘ 2 e

i=1

we see that (20) and (21) follows. |

For 0 <s,t <cu, and i,j > 1 let

B A
(22) K3(A) = — .
Y m§4] it ([252 ]+ — ] )
(23) fld = 3 > sgn(o)HKli,m(A)
e gesy

For p > d?, one notes that HS(A) (A) € Zp A] hence ft(A) fnp(A) €
Zy [A]. But ft(A) evaluates at A = @ while ft (A)atA=a.

LEMMA 4.2. Letp > (d*>+ 1)(d — 1). Thenf,i(g) = unf,i,p(g) mod p for some
p-adic unit u,, where the reduction is taken at coefficients. Moreover, f}(d) =
Unfy.,(@) mod p.

W+n§p—1.Then

Proof. Since p > d*> — 1 we always have 1 < P"'*

o (!

is a p-adic unit in Z,.
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Recall 6ij defined in (13). It is an elementary exercise to get

pi—l pi+l’l’1—1 ril_l

= = d
{ d W d a "or
pi—Jj pi—1 _rin—1

Then we have

s (e len) ([ fen 1) (o] rovt )

Hi(A) =

| 11l
N
—
<5 <
1
—_
—
+ — |
= |—
S T S
»— B — —
+ —
El L \?/
8 St
o —
o —
= 3

Our first assertion follows easily. The second assertion follows from the fact that
d = a mod p. O

PROPOSITION 4.3. Letp > (d* + 1)(d — 1). For any 1 <i,j < nwe have

(24) pl J(A) = Z’V T] +5K (A)+’y [T]-I"'C"
25) det{Gyi—j(A)}1<ij<n = ZVM”“J‘J,,;(K) R
t=0

Proof. For 0 < s <cu,my >0and m+---+my = [‘%l +s, since p > d?—1,

we have my < [ -‘ +c, < p—1. And by (6) and (7), we have

n i pi=j
Gyi j(A) = Z Aoy - Am A" +,y>[ e
myp+e+m g < [%-‘wn
Zj:l Lmy=pi—j
Cn mi+e+mg Am i
=y T e,
=0 m1!~--md!

where the last sum ranges over all m, > 0 such that m| +--- +my = qu +§

and Zf}:l tmy = pi —j. It is easy to see that this is a subset of M. Conversely,
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if m e ij then

d—1 d—1 . .
nggmed_ezr,-,-+ds§d—l+ds§[pl J—‘+s,
=1 =1 ' d

since p > (d> + 1)(d — 1). Set my = P” W+s—zg | myg, then my + -+ +my =

[wa + s and Zgzl ¢my = pi — j where my > 0. Thus we have

R

C e .o
1 A pi—j

_J +s {—-|+cn
R T I Er

mGMS ni!

To prove (25) we have

> sen(@]] Gpi—o(i(A)

oESh i=1

= S s[> (4

oESK i=1 5;=0

det{Gpi_i(A)}1<ij<n

pi—o(@
Pk e[ )

cn—s0

— Z Z sgn (O_) Z 7M,,+50+£

50=0 ces))

% Z HKZSIU(z)(A) + ,Y>Mn+Cn

sp+-tsp=C i=1

cn n
=Y ML YT S sen() [[ KL @A) [+ Mrren,
1=0 S+ +Sn=t 5 %0 =
where the second equality follows from (24) and the third from Lemma 4.1. O
LEMMA 4.4. Let p > (d*> + 1)(d — 1). Then ord, Cu(@) > A;Ij’f]’” foralla €
(Zp N Q)*1, and the equality holds if and only if @ € Vu(F)p).
Proof. First we show that

Cn
(26) Ca(A) =D AMHfr () + 7 Mten,
=0

By (9) and (25) it suffices to show that if there is a ¢ with u; > n then

M, +c,1

27) min ord, H Gyt (A) > —

O'ESn
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Since Y ,_; u; > Y i i, we have

1 & [pu, — Uoq 1 & pu, — uoq
28 L "]> L 72
28) p—lz[ d _p—ltz:; d

t=1

IV
Ql
7

"
QU

1 &pi—68G) 1
Zpl 5(1)+
for any 6 € S,. For p > (d> + 1)(d — 1) > d*> — d + 1 we have
| pi—é(i)" 1 & pi—63) n

29 —_— <
29 p—ligl:[ d _p—ll_gl: d +p—1
< 1 Zpl—6(1)+d—1
p_1i=1 d p—1

1 api— () 1
<p—1l§ d

for any 6 € S,. Therefore,

' " ~ 1 & PU; — Ug(r)
(171&1111 ordngput—unm(A) z 171372132 pum {T-‘
1 n i — (i M, +
> —— max Pm (’)—‘ = PnTln
p— 108 d p—1

where the first inequality is due to (8), the second inequality by (28) and (29),
and the last by (19).

Let 0 < t < t,. We have f,ﬁ(ﬁ) = (0 and hence by Lemma 4.2 we have
1 (@) =0 mod p. So

M +t+1>M,,+c,,

n
p—1 p—1"~

ord, (Y""*'f; (@) >

Therefore, for all @ € (Z, N Q)4! by (26) we have

Cal@) = fity @)y Mt 4 = Mocktn,
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So
M, +t,

ord, Cy,(a) > b1

and the equality holds if and only if ,Z'p(c;i) = f"(d@) # 0 mod p. This proves the
lemma. O

5. Generic Newton polygons. Let the generic Newton polygon of A4 over
FF, be the lowest Newton polygon over all f € A%(F,), that is,

GNP (A% F,) = inf NP(f).
FEAIT,)

Note that it is equal to inffE AYZpNQ) NP(f ® IF,) and one does not know a
priori whether this infimum exists. Note that Wan has shown that the generic
Newton polygon over F, defined by GNP (A; F,,) := inffe yags,) NP (f) exists by
the Grothendieck specialization theorem (see [19, Section 1.1]). In the theorem
below we show that GNP (Ad;IFp) exists for p large enough. One may ask if it
is true that GNP (A4, F,) = GNP (A4 ;Fp) for p large enough.

We shall proceed to prove Theorem 5.1 below by first introducing some
notations. Let g =0 and for 1 <n <d —1 let

(30) o = minges, Z?=1 TioG) +dty
! dip—1) ’

where r;; and 1, are defined in Section 3.1 and Lemma 3.5, respectively. One
observes easily

M, +1, _n(n+1)+

31) ST g e

Note that 0 < r; <d—1forall 1 <ij<d-1,andt, <c, <n<d-—1by
(19), so we have €, < ’21((2;__11)). Thus ¢, goes to 0 as p approaches co.

For every integer r with 1 < r < d — 1 and ged(r,d) = 1, let W, =
ﬂi;ll V, (recall from Key-Lemma 3.5 that V, consists of all f € A?~! whose

coefficients @ satisfy f»(d) # 0.) Let W = i<r<a—1 W,. Consider the nat-

gcd (r.d)=1
ural projection map t: AY — A"l by «(f) = @ = (ay,...,aq_,) for every
f= ¥taz_x@ N+ +ay € A Let Y := ' OW). For every residue class
r denote by f" the f;" in Lemma 3.5, then ¢/ consists of all f € A? whose
coefficients satisfy [], d_1 fin () # 0 where r ranges over all 1 < r <d—1

n=1 Jn,r

coprime to d. Since [], g;ll fi is a nonzero polynomial over Q by Lemma 3.5,
one concludes that { is Zariski dense open in A? over Q. One notes that,
even though U/(IF,) is not necessarily nonempty, it is nonempty when p is large
enough.
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THEOREM 5.1. Let notations be as above.

(a) For p large enough (depending only on d) GNP (AY; IF)) exists and is equal
to the lower convex hull of points (n, ”(;21) +€,) for 0 < n < d—1, each of which
is a vertex.

(b) Fix f € AYQ). For p large enough (depending only on d and f) we have

NP (f ® F,) > GNP (AY;F,)

where the equality holds for all p large enough if and only if f € U(Q). Here >
means “lies above”.

(¢c) Forf € U(Q) we have
lim NP (f ® F,) = HP (A).
p—00
Proof. (a) Because of (4), we consider f(x) € Ad(Zp N Q) with no constant
term, that is, f(x) = x¢ + Zl’?’;ll axx'. By Lemma 4.4, for p large enough we have

nn+1)
2d

ord, Cn(g) > + €,

for all 0 < n < d — 1 and the equality holds if and only if @ € W(EF,). On the
other hand, by the remarks preceding the theorem, ¢, approaches 0. Thus for p

large enough the lower convex hull of points (n, "(;21) +e)with0<n<d-1
passes all these points as vertices. By Proposition 2.2, for p large enough,

nn+1)
2d

(32) ord, b,(d) > + €,

and the equality holds if and only if ac W(F,). Now (a) clearly follows.
(b) Now let f(x) = x4 +ag_1x* '+ +ax+ag € A?(Q). Note that (32) says
for p large enough,

NP (f @F,) =NP((x! +as_1x* '+ +a1x) ® F,) > GNP (A%, F,)

where the equality holds if and only if (a@i,...,a4—1) € W(F,). Note that a
rational number N is nonzero if and only if N is not divisible by all primes
large enough. Thus for p large enough the above equality holds if and only if
(ai,...,aq—1) € W(Q), that is, f € U(Q). This proves (b). Note that (c) follows
from (a) and (b). O

Remark 5.2. (1) Let d > 3. Let generic polynomial Fy := ], ng_]l " where
r ranges over 1 < r < d — 1 coprime to d. From the theorem above, the set of
polynomials f(x) = x4 + -+ + ajx + ap € AYQ) with NP (f ® F,) = GNP (AY)
corresponds precisely to the set of (ao, .. .,aq_1) € Q¢ with Fd|ﬁ=(a1,...,ad D #0.
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(2) In practice, for any d > 3 one may compute the polynomial P; :=

d—1

[ 1f’” in Q[K] where r ranges over all 2 < r < d — 1 with ged(r,d) = 1.
(Remark. One notes that the » = 1 case is explained in remarks before Theo-
rem 1.1. One also notes that NP (f ® IF,) is symmetric in the sense that every
slope « segment comes with a slope 1 — o segment with the same length.) Then
every f(x) = x? + ag_1x¥ '+ + ap € AYQ) with Pd|A'=(a1 ) # 0 satisfies

limy_.oo NP (f ® F,,) = HP (AY).

.....

6. Generic Newton polygon for x? + ax. Recall d > 3. In this section we
consider the Newton polygon of the L function of exponential sums of f(x) =
x? +ax over Q. This family has drawn some attention recently (see [21] for some
progress). When a = 0 see Remark 1.4(b). Let A?(1) denote the space of all
such f(x) with parameter a. Let GNP (A4(1); IF,) be the corresponding analog of
GNP (AY; ).

Let rbe 1 <r <d—1 coprime to d. Recall that rf~ is the least nonnegative

j
Let S, be the subset of o € S, with 7L, r; ;) = M,. Let ¢ := 0; for n > 1 and

for p = r mod d let

residue of ri—j mod d. That is, r}; = ri—j—d V’ J Let M’ = MiNges, Yoing 1 o)

S d=DM,
" A

LEmMA 6.1. Let 1 < n < d—1andp = rmodd. The following statements
are equivalent:

(Hhoes);

Qo) <rjy+1foralll <i<n;

B3) oy =14 — o)+ 1 forall 1 <i<n;

@) [t = |29 foralt 1 < i< n.

Proof. Define ¢j; := 0 if j < r/;+1 and 6]; := 1 if j > rj; + 1. From Lemma 3.1
one notes that {; +1,...,r, + 1 are n distinct integers in the interval [1,d — 1].
So there exists o € S, such that o(i) < r; + 1 for every 1 < i < n, that is,

ioy = 0 for every 1 <i < n. Thus minyes, >_ity 6 5, = 0 and it is achieved if
and only if (2) holds.

By recalling Lemma 3.1, it is straightforward to see that

= —]+l+6(d 1).

y

Thus for any o € S,,,

Z F o = Z (rly—o(iy+1)+Hd—1) Z 8o = Z Y- ”(” ) d—1) Z 5o
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One notes that (1) holds if and only if 37, 7/ achieves its minimum, and if
and only if Y7, 614’0(1.) = 0 by the previous paragraph. Thus (1), (2) and (3) are
equivalent to each other. Since rl{j =pi—j—d L’%J, it is easy to see (3) and (4) are

equivalent to each other. This proves the lemma. O

By the lemma above, M), = > i, (r}; — (i) + 1). So one gets an explicit
formula
g _@=D(Ehr =)
" dip—1)

Note that €/, converges to 0 as p approaches cc.

THEOREM 6.2. (a) For p large enough (depending only on d) GNP (A4(1); Fp)
exists and is equal to the lower convex hull of points (n, % +e)for0 <n <d-1,
each of which is a vertex.

(b) Fix f = x4 + ax € AYQ). For p large enough (depending only on d and a)
we have

NP (f ® F,) > GNP (AY(1);F,),

where the equality holds for all p large enough if and only if a # 0. Here > means
“lies above.”
(c) For any a # 0 we have

plirgo NP ((x/ + ax) @ F,) = HP (A9).

LEMMA 6.3. Let p = rmod d. Let a € Q N Z, and let a be the Teichmiiller
lifting of amod p. Let p > d. Forany 1 <i,j < d — 1 we have

IMJ N 1 >rf.+L’%J
T .

Proof. Note that Gp;—j = > Ay, Ay, @™ where the sum ranges in m +dmgy =
pi — j with my,my > 0. But in this range of m; and m,, one notices that the
minimum of m; + my is achieved precisely at m; = rfj and my = L’%J, that
is, min (m; + my) = rfj + L’%J The rest of the proof is analogous to Proposi-
tion 4.3. O

LEMMA 6.4. Letp =rmoddandp > (d — 1P +2. Let1 <n<d—1.Then
we have

nn+1)

C, = ’y(p_l)(T“’/?)dM’,lf,;p + 7>(p—1)(”<;21>+e§1),
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where

1
Jop = Z sgn (U)H

pi—o(@) |’
o€eS), i= lrlo'(l)'\‘ d J‘

Proof. The proof is analogous to Lemma 4.4, so we will only give an outline.
First one shows that for 1 <n <d — 1 one has

n(n+l) 1)

(33) C,= Z sgn (o) H Gpi—oi) + ,y_(P 1)(
oESH i=1

Since rj; =pi —j—d LTJJ we have

pi—j| _pi—j d-1
r§j+{dJ= -+ dr’{j'

Thus

& , pi —o(i) _(p—l)n(n+l) (d—l)M;l
7e5, 4 (r""’“)ﬂ d J)‘ 2d T d

(r-1 ("5 ).

Consequently the minimum is achieved precisely at all o € S),. Note that p >
(d — 1> +2 implies that (p — D% + 1y > (p — DD 4 ). By (33) and
Lemma 6.3 we have

(p— DGR +en) oM,
Co =7 > @[]
cES), i=1 rl 0‘(!) d

’Y>(p ])(n(n+l)+6;l)‘

The lemma follows. O
LEMMA 6.5. Let notation and hypothesis be as in Lemma 6.4. Then

nn+1)
2d

ord, C, > +€,

and the equality holds if and only if a £ 0 mod p.

- (75)

Proof. Let
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By Lemma 6.1, one sees that

=)
nfy, = ngn(U)H A T

€S, i=1 ri,a(i)'

By Lemma 6.1, we have

S sen (@) [[0h ¢l — Dy — (o) — 2))

oes, i=1

nfinp

> sen(@) [[ GGl — D () — (06) — 2),

oESH i=1

where we set (), (rl; — 1)--- (r}; — (6(i) — 2)) := 1 if o(i) = 1. One observes that
this is equal to the determinant of a matrix M shown as below

1 7,11 rlll(rlll -1

1 rI21 rél(rél_l)
M =

Loy G =1
Under natural column transformation M becomes a Vandermonde matrix, we get

/ / N2
Loy (fp)

, Loy () - , ,
Unf, , = detM = det ‘ = H (P — 7).
: 1<i<k<n

2
1 r,’“ (r;,n)

As in Lemma 3.1, one notes that r/; # r;, for any i < k. One also notes that u,
is a p-adic unit. Therefore, f,;’p # 0 mod p for all p. O

Proof of Theorem 6.2. Theorem 6.2 follows from Lemma 6.5, using the same
arguments as in the proof of Theorem 5.1. O
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