L-FUNCTIONS OF EXPONENTIAL SUMS OVER
ONE-DIMENSIONAL AFFINOIDS: NEWTON OVER HODGE

HUI JUNE ZHU

ABSTRACT. This paper proves a sharp lower bound for Newton polygons of
L-functions of exponential sums of one-variable rational functions. Let p be
a prime and let Fp be the algebraic closure of the finite field of p elements.
Let ?(:c) be any one-variable rational function over Fp with £ poles of orders
di,...,dg. Suppose p is coprime to dy - - - dy. We prove that there exists a tight
lower bound which we call Hodge polygon, depending only on the d;’s, to the
Newton polygon of L-function of exponential sums of f(z). Moreover, we show
that for any f(z) these two polygons coincide if and only if p = 1 mod d; for
every 1 < j < {. As a corollary, we obtain a tight lower bound for the p-adic
Newton polygon of zeta-function of an Artin-Schreier curve given by affine
equations y? —y = f(x).

1. INTRODUCTION

Let A be the space of rational functions in one variable x with ¢ distinct poles (say
at Py, Pa,...,P) of orders dy,...,d¢ > 1 on the projective line. For any field K,
we denote by A(K) the set of all rational functions of the form Z§=1 Zgil a;q(x—
P, where cpefﬁcients a;; € K, poles P; € K U {00} and ngl aja; 70 (we set
(x —o00)~* = * for the point at c0). Naturally one may consider A as a quasi-affine
space parameterized by coefficients a;; for all + > 1,1 < j < ¢ and poles P; for
1 < j < L. Let the Hodge polygon of A, denoted by HP(A), be the end-to-end join
of line segments of horizontal length 1 with slopes listed below:

di—1 do—1 de—1
-1 -1 e SN
— 1 d—1 1 dy —1 1 dy—1
(1) 07"'a0;17"'71;7a"'7 - MR 2 Jeeeeee ST ¢
dq dq ds do dy de

They are joined in a nondecreasing order from left to right starting from the origin
on R2. Let d := Z§=1 dj + ¢ —2. So HP(A) is a lower convex hull in R? with
endpoints (0,0) and (d,d/2).

For any prime p let E(z) = exp(>_ ;g Ipp; ) be the p-adic Artin-Hasse exponential
function. Let vy be a p-adic root of log(E(z)) with ord,y = pfll. Then E(7) is a

primitive p-th root of unity. We fix it and denote it by (.
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In this paper we let p be a prime coprime to Hle d; and let a be a positive
integer. Let ¢ = p®. Let

d

(2) flz) = Zzaj,i(z_?j)iia

j=1i=1

<

where @;; € F,, P; € F,U{oo} for every i,j. Let g(x) := HF#OO(:L' — P;) € Fylz].
For any positive integer k, the k-th exponential sum of f(z) € Fy(z) is Sk(f) :=

TrJFqk /rp (F () . _
D where the sum ranges over all z in Fx such that g(z) # 0. The

L-function of the exponential sum of f is defined by

k

3) L(F:T) o= (Y Se(F) )
k=1

It is well known that the L-function is a polynomial in Z[(,][T] of degree d (e.g.,
by combining the Weil Conjecture for curves with the argument in [29] between
Remark 1.2 and Corollary 1.3). One may write

(4) L(FT) = 14 0T +boT? + ...+ byT% € Z[¢,)[T).

Define the Newton polygon of the L-function of f over F, as the lower convex
hull in R? of the points (n,ord,(b,)) with 0 < n < d, where we set by = 1 and
ord,(+) := ord,(-)/a. We denote it by NP(f;F,). One notes immediately that the
Newton polygon NP(f;F,) and the Hodge polygon HP(A) have the same endpoints
(0,0) and (d,d/2). Let lem(d;) denote the least common multiple of d;’s for all
1 < j < /. The main result of the present paper is the following.

Theorem 1.1. Let notation be as above. For any rational function f € A(F,), the
Newton polygon NP(f;F,) lies over the Hodge polygon HP(A), and their endpoints
meet. Moreover, for any f € A(F,) one has NP(f;F,) = HP(A) if and only if
p =1mod (lem d;).

Remark 1.2. The first part (i.e., Newton over Hodge) of Theorem 1.1 was a
conjecture of Adolphson-Sperber and Bjorn Poonen, described to the author inde-
pendently in 2001. The case £ = 1 is known (see [25] or [28]). The case £ = 2 and
f(z) has only poles at co and 0 (i.e., f(x) is a one variable Laurent polynomial)
was obtained first by Robba (see [20, Theorems 7.2 and 7.5]). Theorem 1.1 is an

analog of Katz-type conjectures (see [9, Theorem 2.3.1] and [14]).

Below we shall discuss some applications of our result in algebraic geometry. A
question that remains open is whether there is a curve in every Newton polygon
stratus in the moduli space of curves over F,, (for every p). Recently [26] and [27]
gave an affirmative answer to this question for p = 2 by constructing supersingular
curves over [y via a fibre product of Artin-Schreier curves. It is essential to under-
stand the shape of Newton polygons of Artin-Schreier curves, and in particular, to
find a sharp lower bound for them. The Newton polygon of the Artin-Schreier curve

Cr :y? —y = f(x) over Fy (note that CF has genus d(p — 1)/2) is the normalized
p-adic Newton polygon of the numerator of the Zeta function Zeta(C’f; T) of Cr
(here ‘normalized’ means taking ord,(-)/a as the valuation). Denote this Newton

polygon by NP(C’?; F,). Then we have the following corollary.
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Corollary 1.3. Let notation be as in Theorem 1.1. For any f € A(F,) and Artin-
Schreier curve Cy @ y? —y = f(z), the Newton polygon NP(C3;Fy) shrunk by a
factor of 1/(p — 1) (vertically and horizontally) is equal to NP(f;F,) and it lies

over the Hodge polygon HP(A). Moreover, for any f € A(F,) the equality holds if
and only if p =1 mod (lem d;).

Proof. We shall first give an elementary proof of the following relation between the
Zeta function of 07 and the L-function of f:

No(c,)eL(f;T))
(1-T)(1—qT)

(5) Zeta(CpT) =

with the norm Ng(c,) /0(+) being interpreted as the product of conjugates of the

L-function L(f;T) in Q({p) over Q, the automorphism acting trivially on the vari-
able T. (One may also see, for example, [3, Section VI, (93)] for some relevant

discussion.) Recall that for any integer n one has Zaer ¢p" = p or 0 depending on

whether n is 0 or not, respectively. For any k > 1 let C’? be the curve 07 less the
¢ ramification points over P; = oo, Ps,..., P,. Write F;;k i=Fp — {Ps,..., P}

Then B
#OFEL) =D, ), G

a€Fp zeFt,
q

where Tr(-) = Try,, JE, (+). It follows that

> k
Zeta(C?; F,) = exp (Z (6 + #C/?(Fqk)) 1};)

k=1

= exp > 1+ + > CgTr(f(m”)?

k=1 acF? m@g:k

0 aTr(f(x k
Mocs; (P57 (S ey, GTE

N—

(1-T)(1—qT)
_ Nog,)e(L(f;T))
(1-T)(1—qT)
This proves (5). Our first assertion of the corollary follows from (5) and the rest
then follows from the first assertion and Theorem 1.1. [

Remark 1.4. We remark that NP(f;F,) and HP(A) always coincide at the slope-
0 segments (of horizontal length ¢ — 1). Indeed, in the spirit of Corollary 1.3, it
suffices to show that the Artin-Schreier curve Creyf —y= f(z) has p-rank equal
to (¢ —1)(p — 1), which follows from Deuring-Shafarevic formula (see, for instance,

[5, Corollary 1.8]). By symmetry, their slope-1 segments also coincide.

Now we give an amusing example: By the above, the curve

¢
- a1 aj2
C/Fp:yP —y=ai2° + a1z + E ( S 4 )
' S @—P)?  (@-P))
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for odd prime p and nonzero a;;’s, has its Newton polygon slope 0 (resp. 1) of
length (¢ — 1)(p — 1), and slope 1/2 of length ¢(p — 1).

Finally we comment on our conventions for the proof of this theorem: We first
note that for d; = ¢ = 1 the L-function of f is equal to 1 and we shall exclude this
case for the rest of the paper for simplicity; Following conventions often used in
algebraic geometry, we set P = co. Recall that one can always move one pole of
an Artin-Schreier curve to oo by an automorphism of the projective line it covers
without altering its zeta function. If ¢ > 1 then we set P, = 0 for the rest of the
paper. This is not a restriction for our purpose since it is observed by definition
that L(f(z + ¢);T) = L(f(2);T) for any ¢ € F, so one can always shift f(z) so
that one of its poles lies at 0. (Note that we then have g(0) = 0.)

This paper is organized as follows. We develop core theory of exponential sums
over an affinoid in Section 2. There we determine the size of residue disks and
derive an effective trace formula of Dwork-Monsky-Reich. In other words, Section 2
contains fundamentals for the rest of the paper. In Section 3, we present a practical
algorithm to estimate the p-adic valuation of our Frobenius matrix. Finally Section
4 is devoted to the proof of Theorem 1.1. In a sequel paper [13] we shall study the
asymptotic (as p varies) generic Newton polygons for L-functions of exponential
sums of one-variable rational function.

2. EXPONENTIAL SUMS OVER ONE DIMENSIONAL AFFINOIDS

We generalize Robba’s work in [20] from one dimensional annuli to one dimen-
sional affinoids. This differs from Dwork’s original approach (see [6, 7]), but is
somewhat akin to [1]. Our exposition is (of course) after [15, 20, 21, 16, ?, 18]. For
fundamental material considering non-Archimedean geometry see [4] or [22].

2.1. Preliminaries. Let Q, be the degree a unramified extension of Q, and let Z,
be its ring of integers. Let @p be the algebraic closure of Q,, and let Z,, its ring of
integers. Let Q be the p-adic completion of @p. Let Q1 = Q,(¢p) and €, the unique
unramified extension of 1 of degree a in Q. Let O; and O, be the rings of integers
in Q; and Q,, respectively. Note that O; = Z,[(,] = Z,[7]. Fix roots /% in O,
for the rest of the paper, and let Q) := Q, (/41 ... A1/de) Let Q= Q,Q,. Let
O, and O] be the rings of integers of €], and €/, respectively. Let |- |, be the
p-adic valuation on ©, such that |p|, = p~!. The diagrams below represent these
field extensions and the associated extensions of their rings of integers.

Ve VAN
NS NS
A N
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By taking Teichmiiller lifts of coefficients and poles of f € F,[z], we get f(z) e
Zg|x] with flz) = Z?;l alyixi—i—Z?:z Z?i—i a;i(x—P;)~". Since P; is a Teichmiiller
lift one has 15]7' = 15;’. Similarly, let g(x) = Hf ,(x — Pj) € Z,[z] be the corre-
sponding Teichmiiller lift of g(z) € F,[z]. Note that Pq P; and Pq Pj mod P.

We mainly work on p-adic spaces over {2, (or §)). Let |Q lp denote the p-adic
value group of Q,. Let P! be the rigid projective line over Q.. For any P € Q,
and r € |Qal, let B[P, 7"] and B(P,r) denote the closed disk and (wide) open
disk of radius r about P on P!, that is B[P,r] := {X € Q,||X — P|, < r} and
B(P,r) == {X € Q.||X — P|, < r}.

Let r € |Q4|p and 0 < r < 1. For any positive p-power s let A, ; := B[0,1/r] —
Ui B(P,r) =Pt — U B(P5,7). So A, = {X € Q,||X], <1/r;|X — P}, >
r for 2 < j < ¢, } and it is an affinoid over €,. Let H(-) be the ring of rigid analytic
functions over Q, of a given affinoid. Hence, H(A, ;) is a p-adic Banach space with
the natural p-adic supremum norm. For ease of notation, we shall abbreviate A,
for A, ; in this paper.

2.2. The p-adic Mittag-Leffler decomposition. Let H;(A,) be the subset of
H(A,) consisting of all rigid analytic functions on B[0,1/r]. For 2 < j < £ let
H;(A.,) be the subset of H(A,) consisting of all rigid analytic functions on P! —
B(pj, r) that are holomorphic at co and vanish at co. For any rigid analytic function
¢ defined on a subset B of P!, let ||¢||5 := sup,cp |£(2)|, (i-e., supremum norm).
This defines a norm on H(A,) and H;(A,), which are p-adic Banach spaces under
the supremum norm ||| a...

Lemma 2.1 (p-adic Mittag-Leffler). Let r € |Q,|, and 0 < r < 1. Then the
B(]sj, r)’s with 1 < j < £ are mutually disjoint. There is a canonical decomposition
of p-adic Banach spaces H(A,) = @?:1 H;(A,) in the sense that for any & €
H(A,) there is a unique fpj € H;(A,) such that every & — £p, is analytically
expandable to B(Pj, r). Every & can be uniquely represented as a sum § = Z§:1 §]5j
such that
(6) llla, = max (16 e, )
Proof. We first show the disjointness. Let j > 3. Since the Pj’s are Teichmiiller
lifts in Z, with P = Pj one has |P;|, = 1. For any 3 < i < j < /, one first observes
easily that |P; — P ], < max(|P; |p, |P; |p) = 1. The hypothesis that P; ;é P, in the
residue field of Z, 1mphes that \P P i1p £ 1 and hence one has |P, — P |p =1
Let j > 2. PlckanyPeB(P ). If]_2then\P\p<r<1<1/7°soP€
[1 1/r]; If j > 3 then |P — Pj|, <7 < 1 and |P; |p = 1 imply that [P, =1 < 1/r
so P € B[0,1/r]. This proves that B(co, )N B(P],r) =0 for all j > 2.
NOWletj] > 2 and j' # j. ForanyPEB(P ), onehas P — P|p<r<1
and |P P |p = 1 by the previous paragraph and so |P Pj/l, =1 >r. This
shows P ¢ B(Pj:,r). This proves the disjointness.

The proof for the rest of the lemma follows directly from [19, Theorem 4.7] (see
also [12]). O
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Every element in the ,-space H(A,) can be uniquely represented as » | i>0 €14 X (=S
Z§=2 s Gi(X — Pj)*i where ¢;; € Q, and Vj > 1,1im; w;—‘p = 0. For sim-
plicity, we write X=X and X; := (X — Pj)_l for 1 < 7 < /. Then the Q,-space
H(A) has a natural monomial basis bunw = {I,X{LXé, . ’*_)Q}izl' In Theorem
3.5 we shall use a weighted basis by, (note that neither b,y nor by, is an orthonormal
basis):

1
Lemma 2.2. Let r € |Q,], and 0 <r < 1. For each 1 < j <, let Z; :=v% X;.
Then by = {1,Zi,. .., Zi}is1 forms a basis of H(A,) over €.

Proof. Obvious by Lemma 2.1 and remarks preceding the lemma. O

2.3. The U, operator. For any s € p?z0 and for any £(X) € H(A, ), let U, be
the map defined by (Uy&)(X) == 1/p- >, &(Z) from H(A, ;) to H(A» ).
Similarly let (Ug&)(X) :=1/q-3" 44y £(Z). This subsection was influenced by the
spirit in [8] (in particular Section 3.5). This subsection aims to prove Theorem 2.4
with the following lemma.

Lemma 2.3. Let X € Q, Pe O,, and s € p*>o. Ifr > piﬁ then
(1) | X — P|, > r implies le —P?l, =|X =Pl >r, and (2) |X* = P*[, > r
implies | X* — P*|, = |X — PJ;.

Proof. (1) If P = 0 then the lemma is trivial. We assume P # 0 for the rest of
the proof. Write s = p* for k > 1. We shall use indugtion on k. pWe first prove
the case kK = 1 for both statements. That is, |X? — PP|, > p~ »-T implies that
X —P|, > p~ 77 which in turn implies that |XP — PP|, = |X — ]5|g.

Write Y := X — P. Then X? — PP = (Y + P)» — PP = Y? + pG where
G =Y (2)/pYPm P € YZ[P,Y]. I Y], < p 77, that is, ord,Y > -1,
then |pG|, < |pY|, < p~7T. Since |P|, < 1, one has ord,G > ord,Y. Thus
| XP — PP|, < max(|YP|,, [pG],) < p~7-1. Contradiction, so we have Y], > p_ﬁ.
This implies that ord, Y= > —pil for any ¢ € Z. By the triangle inequality
ord,G/YP > minj<ij<p—10rd,Y ~* > —1. Hence ord,(pG) > ord,Y?. Again by the
triangle inequality we have | X? — PP|, = |Y?|, = |X — P|b.

(2) Suppose it holds for s = p*~!. By assumption, |ka - I:’Pk|p = |(Xp)”k71 -
(Pryp™! |, > p~ 7 1. By inductive argument one has | x7" —Ispk|p =|XP— P”\gkﬂ
and so | X? — PP|, > piﬁ(v—w > p~71. The latter implies that |X? — PP|, =
| X — ]5|£, again by induction. Therefore, one has |ka — Ppk|p = |X - P\gk,

A 1 A~
as we desire. Now suppose |X — P|, > r#*. Then |X — P|, > p~ 77 and so

~ A 1
| XP — PP|, = |X — P|p > r#*~'. Then we use induction argument to get

1

k Ak k— ~ k—1 A k—1 Ak
X7 = B, = (T (= (- P  = X - P

This finishes our proof. (I

Theorem 2.4. Let r € |Q,|, and pip“'”l(P*U <r <1 Lets € p?>c. Then
UpH(A,s) C H(A» sp). Then Uy = Uy and U;H(A,) € H(Aq).
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Proof. 1) We shall demonstrate a proof for the case s = 1 since the general case is
very similar. Let £ € H(A,).

Firstly, we show that Up¢ defines a function on the affinoid A,» ,. It suffices to
show that ZP? = X € A,», implies that Z € A,. Indeed, for every 2 < j < £ one
has |ZP — ]3].p|p > rP > p 71 by hypothesis. By Lemma 2.3 one has |Z — Pj|g =
|ZP — [:’f|p > rP. That is, |Z — Pj|, > r. On the other hand, by |Z?|, < 1/rP, one
has |Z], < 1/r. This proves our claim.

Secondly we show that U,¢ € H(A,» ;). Our proof below follows [8, Lemma on
page 40]. Before we start, an easy fact is prepared:

(7) sup  |(Up&)(X)p < p- sup [§(X)]p.
X€eA,p, X€EA,

Let Tr denote the trace map from Q,(Z) to Q,(X) where Z is a function with
7P = X. If £ € Qq(X), then by definition Up¢ = - - Tr §(X). This shows that
U, maps Q,(X) to itself and by (7), if £ has no pole in A, then U,¢ has no pole
in A,» . Thus U, restricts to a mapping Qq(X) N H(A,) — Qo (X) N H(A» ),
which is continuous relative to the supremum norms. Since ¢ € H(A,.), one gets
that ¢ may be uniformly approximated on A, by elements of Q,(X) N H(A,)
and so by (7) again Up€ can be uniformly approximated on A,», by elements of
Q6 (X) NH(A,» ). This completes the proof of the assertion about U,.

2)Let Z9=X € Aq forr > pipd*II@*l). For 2 < j </, one has |Z‘1—]3;-1|p > rd;
so |Z — Pj|, =29 - 15;1|,1,/q > 7. One also observes that |Z9|, < 1/r? implies that
|Z|p, < 1/r. This proves that Z € A,. This proves that U, is a function on A, 4.
As P! = P; for all j one has A,y = Ay, it follows that U,€ is defined over

J
A, O

2.4. Push-forward maps and Dwork’s splitting functions. In the previous
subsection we have defined the U, and U, operators on suitable p-adic Banach
spaces. It remains to define the “Dwork’s splitting function” to finish the process
of defining the Frobenius map. Let 7 be a lift of the Frobenius endomorphism
¢ cP of Fpa to Q, which fixes ;. Thus 7 generates Gal(£2,/Q1). Let A7 ; denote
the image of A, ; under 7.

Since one may have a pole Pj other than 0 and oo, one encounters the following
problem: for any £(X) € H(A,) its image £7(X) does not lie in H(AT) anymore. So
the naive generalization of Dwork’s splitting function does not work. This prompts
us to define some push-forward maps.

Define a map of p-adic Banach spaces

H(As) — H(AT,)
& — T0fo0 L
For any k € Zxo, one has 7.(H(A, px)) = H(A] ) = H(A, pr+1). As a simple
example, for B € Q, and a Teichmiiller lift P in 9, with ¢X) = % € H(A,)
we have (7.£)(X) = #}3()13) = %. On the other hand, one may check routinely
that 7F commutes with U, for any k € Z.
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For any f(x) (fixed in Section 2.1), and for every 1 < j < £, let

dj
(8) Fi(X;) = []E(a:X)

i=1
where we recall that F(X) is the Artin-Hasse exponential function and ~ is the
root of log E(X) with ord,y = %1 We now induce our new splitting functions:

P
4 a—1 .
(9) F(X):=[[F(X));  Fa(X):=[JER)(X?).
Jj=1 k=0

Lemma 2.5. Let k > 1 be any integer. Let r € |Qg], and p 71 <r < 1. Then
for any £(X) € H(A:k) one has f(ka) € H(A,1/x).

Proof. Tt suffices to show that |X — Pj|p > p1/p" implies that \ka - Pfk|p > 7.
This follows from Lemma 2.3 immediately.

Theorem 2.6. Let dy := maxi<j<¢dj. Let r € |Qq], and D dop“‘ll@—l) <r<l.
Then F(X) € H(A, ,a-1) CH(A,) and Fl,)(X) € H(A,).

Proof. Write r; := pfm. Write F;(X) = > Fj,X™ over O,. Note that
F;(X)’s convergence radius is liminf,, |Fj,n\;1/n = pliminfrordpFin/n > 1 /1. (See
Lemma 3.2.) By hypothesis, one has IS AEES r; for every j, so F1(X), F;((X —
P e H(A, 1) for 2 < j < /. Hence F'(X) € H(A ,a-1).

Then (TFF)(X) € ’H(A::a,l) for every 0 < k < a — 1. Our hypothesis implies

1

that p~ 7T < rP* ' < 1. So one may apply Lemma 2.5 and gets, (r*F)(X?") €
H(A, a-1-x) € H(A,) for every 0 < k < a — 1. Therefore, their product Fig(X)
lies in H(A,) as well. O

2.5. The trace formula of «,. For the rest of the paper we assume

i
(10) r € |Qqlp and p dor*Ttr-1 < < 1 where dy = max;<;</d;.

This bound of r is to assure that Fiq(X) lies in H(A.,.). Let ay := Uy o Flq(X), by
which we mean the composition map of U, with the multiplication map by Fi,)(X).
Then «, is a Q,-linear map from H(A,) to H(A,s) by Theorem 2.4. Composing
with the natural restriction map H(A,«) — H(A.,), one observes that «, defines
an endomorphism of H(A,.).

Lemma 2.7 (Dwork-Monsky-Reich). Let f € A(F,). Let r be as in (10), then the
Qg -linear endomorphism «, of H(A,) is completely continuous and one has
— det(1 — Tag|H(A,))
11 L(f;T) = .
(11) (53T) det(1 — T'qae|H(A,))

Proof. Let H'(A1) := Uy, <1 H(A,). One notes that H'(A;) is the Monsky-
Washnitzer dagger space of Aj. Our assertions then follow from the trace formula
of [15] and [18], as explained in [20, Section 6] and see (6.3.11) in particular. (Our
hypothesis g(0) = 0 was used there). Basically their trace formula says that «, is
completely continuous on HT(A;) and det(1 —Ta,|H (A1) = det(1 —Taq|H(A,))
for any r within our range in (10). Since it is routine to check this, we omit
details. (]
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Remark 2.8. One can also formulate the above trace formula using Berthelot’s
rigid cohomology theory. See [1] for detailed annotation of Robba’s formulation in
[20, Section 6.

2.6. Descent from «, to ;. The results in this subsection are only used in the
proof of Theorem 1.1 in Section 4. Below we shall use a subindex in detq, ()
or detg, (-) to emphasize our consideration of a map over ;-space or Q,-space,
respectively. We shall omit the base space H(A,) in det(:) if the context clearly
assures that no confusion is possible. The upshot of our argument is to “descent”
the o, map of the Q,-space H(A,) to the oy map of the Q;-space H(A,). This
idea appeared initially in [7, Section 7]. In this paper we use NP,(-) and NP(-)
to denote p-adic and g-adic Newton polygons, respectively. (These should not be
confused with NP(f;F,).) We use 1/a-NP,(:) to denote the image of NP,,(-) shrunk
by a factor of 1/a.

Lemma 2.9. Let ay = 7, o U, o F(X). Then ay is a completely continuous
7~ -linear map from H(A,) to H(A») (over Q,) and a, = af as Q4 -linear maps.
Then

a—1
(12) deto, (1= T%0q)* =[] detq, (1 - T¢Fa),

k=0
where (, is a primitive a-th root of unity. Then NP,(detq, (1 — Tay,)) = 1/a -
NP, (detq, (1 — Tar)).

Proof. As we already remarked at the beginning of Section 2.4, 7! and U, commute
with each other. For any k € Z, the Q;-linear multiplication map of (7*F)(X) on
H(Alk) can be written as 7 o F(X) o 77%. On the other hand, for any function
Hy(X) € H(Alk) one has a general identity stating that

a—1 a—1
(13) Ugo [T Hx(x*") = [[UpoHar w(X),
k=0 k=0
where second product is noncommutative and its factors are ordered from left to
right as k increases. We retain this notation of noncommutative products for the
rest of the paper.
Now apply (13) to Fjqj(X) with Hg(X) := (7¥F)(X). One has
a—1
Upo Fy(X) = [[Wpori "o F(X)ors @770
k=0
a—1
= [[eeF ot o P(X)or 71 7H),
k=0
By telescoping, one gets Ug o Fig)(X) = (7,1 0 Up 0 F(X)). That is, g = af.
The proof for a; being completely continuous is verbatim for a,, which is already
proved in Lemma 2.7. Now it is elementary to see that

a—1
detg, (1 —T%f) = H detq, (1 — T¢*ay).
k=0

One may also show as an exercise that (see [3, (41)] for details)
detg, (1 — Tay,)® = detg, (1 — Tay).
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Combining these two equalities with «, = af, one obtains (12). The last assertion
about Newton polygons follows from the elementary theory of Newton polygons
(see [6, Lemma 1.6] and [7, Lemma 7.1]). O

Proposition 2.10. The slope < 1 part (of horizontal length d—£{+1) of NP(f;F,)
is equal to NP, (detq, (1 — T'a,) mod TO+1) which is equal to

1/0, . NPp(detgl (1 — Tal) mod Ta(d—£+1)+1).

The same holds if one replaces Q1 and Q, by Q) and QU,, respectively.
Proof. By (11), one has
(14) L(f mod P;T) -detq, (1 —Tqa,) = detq, (1 —Tay).

Note that all slopes are greater than or equal to 1 in NP, (detq, (1 — Tqa,)). By
the Weil conjectures for (projective) curves, L(f; F,) is a degree d polynomial (see
(4)) with all slopes in [0, 1]. The slope-1 part of NP(f;F,) is precisely of horizontal
length £/—1 (see Remark 1.4). Let A be the biggest slope of NP(f;F,) that is strictly
less than 1. Then the slope < A part of NP(f;F,) is equal to NP,(detg, (1 —
Ta,) mod T4 +2) by (14) and the p-adic Weierstrass preparation theorem (see
section [11, IV .4]).

By Lemma 2.9, 1/a- NP, (detq, (1 — Tay)) = NP, (detq, (1 — Tay)). By the pre-
vious paragraph, the latter polygon has a vertex point at 7% ¢*!, which separates
the slope < X and slope-1 segments. Hence the former polygon has a corresponding
vertex point at T*(@—¢+1)_ The upshot is that

1/a - NP,(detq, (1 — Tay) mod T24=+1D+1) = NP (detg, (1 — Ta,) mod T4+2).

Compiling these two paragraphs, our assertion follows. The last assertion is obvious.
O

3. p-ADIC ESTIMATES OF L-FUNCTIONS OF EXPONENTIAL SUMS

This section aims to prove Theorem 3.5 whose proof is however very technical, so
the reader is recommended to refer to it only when needed. We retain all notations
from previous sections, in particular we recall the two bases gunw and l_;w of H(A,)
from Lemma 2.2. For any ¢ € R we denote by [c] the least integer greater than or
equal to c.

We start with a lemma inspired by a “Dwork’s Lemma” in [8]:

Lemma 3.1. Let m > 1 and J > 3. Let r be as in (10) of Section 2.5. Then for
any X € A, one has

(15) Up(X = Pp)~™ =y C"PT(X - P

n=[m/p]
where C™™ € Z,, with ord,C™™ > % — 1. Then ord,C™™ = 0 if and only
if n =[], If this is the case, then one has C™™ = (—=1)*"! mod p where € =
m— (n—1)p.
Proof. By Theorem 2.4 one has U,(X — P;)~™ € H(A,»,). The first statement of

this lemma follows from an analogous verification as presented in Section 5.3 of [§],
so we shall omit its proof here. We shall prove our last assertion below.
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By [8, Lemma of Section 5.3, page 74], one has C™™ = % 37 [T (7 ) where
i= (i1,...,1,) ranges in Z™ with 1 < iy,...,4, <pand Y. ,_, i = m (we denote
this set of i by 7). Write m = (n—1)p+r for some 1 < r < p. If 7 = p then one can
easily see that C™™ = 1 and our assertion clearly holds. Below welet 1 < r < p—1.
We assume additionally that p > 2 since if p = 2 then one has m = 2n — 1 and
it is easy to check that ord,C™™ = 0 directly. Write (i) := [[_, (1’2) For any
1 <t < nlet Z; be the subset of Z consisting of all i with ord,(s(i)) = t. Tt is
clear that Z = |J;_, Z; is a partition of Z. Since ord, (Z.’;) = 0 (resp., = 1) if and
only if zk = p (resp., # p), one gets for any 1 < ¢ < n that ¢ € Z; if and only
if the i contain precisely ¢t non-p components. For each i € I, there are actually
(TZ) of them by a permutation of the non-p components among the n components
and they have the same g({) Let J; be the set of all t-tuples j := (J1,- .., J¢) with
1<j1,...,7: <p—1and ZZ—ljk = (t — 1)p + r. Then one gets

(16) cnm - _ ZZ z;; ()
m(y)

|

+
M
&
%\3
Y
~+~ 3
SN—
<

p i
t=2 jed.

One easily observes that the first summand is a p-adic unit. Now we claim that
for any t > 2 and j € J; one has ord, (2 )s(4)) > 1. Indeed, one has for some
u € Zp that

(100 5 (1 (20) = om(20)

It is easy to observe that for any ¢ > 2 and p > 2 one has ord,t < ¢t —2. This proves
our claim above. By (16), we get that C™™ is a p-adic unit. O

np (t

The computation of a; = 7,1 0 U, o F(X) uses the observation that 77! and
U, respect the Mittag-Leffler decomposition while the multiplication map F(X)
does not. For 1 < j < ¢ and for any £(X) € H(A,), let §(X)15j denote the j-th
component in the p-adic Mittag-Leffler decomposition as in Lemma 2.1. We recall
our notation X; = X and X; = (X — P;)~' for 2 < j < /.

Now we recall certain properties of F;(X;) = Y°07  Fj n X7 € O4[[X;]] (see proof
in, for instance, [29, Section 1]).

Lemma 3.2. For any 1 < j < { and n > 0 one has ord,F},, > [ jJ where the

equality holds if dj|n and - < p —1. In particular, ord,F}j,, > 0 for any n > 0.

Lemma 3.3 (Key computatlonal lemma). (1) If £(X) € H(A,) is given by its
Laurent expansion at Py, that is £(X) = Y 00 B, X" for some B,, € Q,, then

n—=—oo

(E(X))p, = >0y BaX?y, and By = 0 if Py # oc.
(2) Recall F(X) and C™™ from (9) and (15) respectively. For all i > 0 write
(F(X)Xf,)pJ =3 OH"Z X5, for some H?lJ € Q. Then
1

(1 X)p Z B X7 € Qq[[X ]
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where
—1 ggnp,t _
ni )T HJ17J for Jy =1,2
Ji,J T np n,m pn—mp® =t __1 rrm,i
Y omen CMPY THYY, for Ji > 3.

Proof. Part (1) is a simple corollary of the remarks preceding the lemma and Lem-
mas 2.1 and 3.1. The rest are routine consequences. ([l

For any integers s > 0 and ¢ > 1 we use C(s,t) to denote the condition that t|s
and 0 < £ < p — 1 are satisfied (e.g., the condition in Lemma 3.2 is C(n, d;)). We
claim the following;:

n—i

p D g =

o m+i
p Y =14 J
p @D =24 .

(17) \HY Ly <

Furthermore, the equalities hold if and only if additional conditions C(n — ¢,d, ),
C(n+1,dy), C(n,dys, ) hold, respectively.

A proof for the case J = Jj is sketched below and proofs for other cases are
omitted as they are formal and similar. Let 7 := (ny,...,ns) € Z%,. Then one
notices that for J =1 B

X " . s 1T
Y = S A Fa [ Y B (:;J_ll) P )

J#L \m;=0
and for J > 2,
)
H?} = Z (FJ,nJ < Z Fim, (777;1)13)}711711)
mi=ni

S An;+m;— 1\ R ‘ »
. F'7m,.(71)m] ( J J )(P o PJ)f(n]er])
(3 mmcs (2 e

where the sums both range over all 77 € Zezo such that n —i=mny — 3>, ;n;.

From the above, one observes that ordef,Ll’f s is greater than or equal to the
minimal valuation among the 7i--summand in its formula as 7 varies in its domain.
Each 7i-summand is the product of £ elements in O,, so its valuation is equal
to the sum of the valuations of these ¢ elements in O,. It is easy to observe

that orde;LI’fJ > min,, (ord,Fy ) > #;il) as the minimum is taken over all

ny = n—i—l—Zfzz n;. Moreover, if C(n—i, d, ) holds then by Lemma 3.2 the minimal
is uniquely achieved at @ = (n —,0,...,0) and the equality holds. Conversely,

suppose the equality in (17) holds. It can be easily seen that H?lz ; lies in O, in
—i__ lies in —Z-

. . . . B ng o _ n
which p has ramification index p — 1 over Z, so ordeJl’J = T.-D o1

Thus C(n — 4,d,) holds. This proves our claim in (17).

Theorem 3.4 (Unweighted estimates). Let B}LIZJ € O, be as in Lemma 3.3(2).
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(1) For J; = 1,2 and for n,i > 0 one has

p T g =
np+i

‘BJI, lp < p PO G =1#J
—__np
p D g =24 .
The equalities hold if and only if the additional conditions C(np — i,dy,),C(np +
i,dy,), and C(np,dy,) hold, respectively.
(2) For J; >3 and for n > 1,i > 0 one has
(= Dp—(i=1)
p Vi L=
p < _(n=Dpt1
P dj, (p—1) if J1# J.
For dj, > 2 the equalities hold if additional conditions C((n—1)p—(i—1),dy,) and
C((n—=1)p+1,dy,) hold, respectively.
Proof. If J; = 1,2 one has |BSLI’%J|Z, = |anz|p by Lemma 3.3. Combining this
with (17), part (1) follows immediately. We are left to prove part (2). Assume
J1 > 3 from now on. We shall outline a proof for the case J = Ji: Let n,i
be fixed in their appropriate ranges. By Lemma 3.3(2), one has that \B?’Zﬂp <

1B},

max, <m<np([H7""; '~ C™™,) and the equality holds if the maximum is unique. Pick

mo = (n — 1)p + 1, then one has two cases: (a) For any mo < m < np one
_ mo—i,
has |HJ1 Ylp < p 7Y by (17); (b) Let n < m < mg. The function ¢(m) :=
m—1 np—m n i d
o= T ( 1) =00 - T LT mﬁ has its minimum ¢(my).

If dj, > 2 then this minimum is unique. By (17) and Lemma 3.1 one has

. __mqg—i _(n—1)p—(i—1)
m,i ~n,m —c(mp) __ dy (p—1) __ dy, (p—1)
max |H7C™™, <p (mo) — " T =0 — ) 7@
n<m<mg )

Combining (a) and (b) one gets the desired upper bound for |B’ ! "7lp- Suppose
dy, > 2 and C(mgy — 4,dy,) holds. Then the maximum is achieved umquely at mo
by Lemma 3.1. Combining the above, we have proved part (2) for the case J; = J.
Since other cases are similar and we omit them here, and finally we conclude the
proof to our theorem. O

Theorem 3.5 (Weighted estimates). Write (o Zf])ﬁ, =3 C}LxJZf}l in QLZn])

Then C'y’ 1J = BJ1 Y "7 and orde’ffl’fJ = ordej,LllJ + o5 (g - 7,7) where
Bf}lfJ is as in Lemma 3.3 (2).
(1) For J; = 1,2 and n,i > 0 one has
o~ if ) =
(18) ord, Ot > 8 Pt (G-t ) fh=1#T
ﬁ + m if Ji=2#J.

The equalities hold if and only if C(np —i,dy,),C(np +1i,dy,) and C(np,ds,) hold,
respectively.
(2) For J; >3 and n > 1,i > 0 one has

n-1 if J1 =

. J
(19) ord,C" > 4 ; .
P~ Ty, J dJ11 + G=Dd; Zf Jl 7& J.
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For dj, > 2 the equalities hold if conditions C((n —1)p— (i —1),dy,),C((n—1)p+
1,dy,) hold, respectively.

Proof. The first statement is clear by a simple calculation. Parts (1) and (2) follow
from Lemma 3.2 and parts (1) and (2) of Theorem 3.4, respectively. O

Notations: let j,j1 > 3, j # j1, n,i > 1. We put row minimal p-adic valuation
in boxes.

[ord, () > [ Zi, 7, 7 7
gl BN B pedh
Zie | R EHE | nl g Uy
Zie | EHE EHE wHE |E

TABLE 1. Lower bounds for ordef}l’?J in matrix of oy

4. NEWTON POLYGON LIES OVER HODGE POLYGON

Our proof of Theorem 1.1 consists of three parts. The first two parts are in the
spirit of Dwork (see [7, Section 7] or [3, Lemma 2]) after a simple reduction. The
third part uses Wan’s [28, Theorem 2.4].

We queue up the numbers in (1) in nondecreasing order. For any i > 1, let m;
be the i-th in this queue. For any k > 1, let ¢ := Zle m; and set ¢g = 0. It is by
elementary arithmetic of Newton polygons that HP(A) is equal to the connecting
graph of {(k, Ck)}ogkﬁd on R2.

’Part 1. Newton polygon of a; over 2.

From now on let M be the (infinite) ma-

trix representing the oy action on / -space H(A,) with respect to the basis by,
(See Table 1.) Write

(20) det(1—TM) =1+ Y CyT* € O,[[T]].

k=1
Take the minimal p-adic valuation of all entries in each row, and put them in a
nondecreasing order. For any i > 1 let m;(IM) denote the i-th smallest row p-adic
valuation of M (counting multiplicity). For every k > 1 let ¢, (M) := Zle m;(M).
By Theorem 3.5, one has

o1 Lo > ﬁ for J1 =1,2and n,i >0
) 1
(21) orept,g = % for J1 >3 and n>1,7> 0.

This implies that m;(M) > m; for all 1 < ¢ < d— ¢+ 1. Thus by arithmetic of
Newton polygons (see [6, Lemma 1.6]) and Fredholm theory (see [23, Proposition 7
and its proof]) one has that NP, (det(1 —TM) mod T?~*+2) lies above the connect-
ing graph of {(k,cx) € R*}o<g<a—e+1. The latter is precisely HP(A) as remarked
earlier.
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’Part 2. Newton polygon of a; over €.
£ € Qg such that { = {§Tt}0§t§a_1 is a basis for ©/ over Q). Let N be the
(infinite) matrix representing «; with respect to the basis E’W7Q/1 for H(A,) as Q-
space, where E’W’Q/l consists of Z;{Tt for1<j</¢ 0<t<a-—1andi>0 (where
i =0 only if j = 1). Write det(1 — TN) = 1+ 372, DyT* € O{[[T]]. We have
o (257 = ozl(Zf,)fTF1 = Zf}l:l > C}Z’fJZL’}lfTFI. Recall the lower bound of

ordp(C}LI’fJ) given in (21). In the two sequences

(22) {ml(N)7 mQ(N)a I 7ma(d7£+1) (N)}
(23) {may, - ,ma, - Ma_ey1, 0 Ma—rq1},

By the normal basis theorem, there exists

one notes that (22) dominates (23) in the sense that the i-th term of the former
sequence is greater than or equal to that of the latter. Thus 1/a - NP, (detq, (1 —
Tay) mod T*4=+1+1) Jies above the connecting graph of {(k, cx) }o<k<d—¢+1, that
is HP(A). By applying Proposition 2.10, one now concludes that NP(f;F,) lies over
HP(A).

’Part 3. Newton and Hodge coincide if and only if p = 1 mod (Iem d;). ‘ One notes

that after permuting our basis I;W for H(A,) we can arrive at a matrix M of a;
in block form satisfying the hypothesis of [28, Theorem 2.4]. Let M, be the ma-
trix representing a, over €, then one knows that M, = MM™ oM T,
Note that NP,(det(1 — TM,)) and HP(A) meet at the point with z-coordinate
d — ¢+ 1 (see Proposition 2.10). Let HP(A)<; denote the slope < 1 part of
HP(A), which has horizontal length d — ¢ + 1. By [28, Theorem 2.4, Corollary
2.5], one can show that NP, (det(1 — TM,) mod T9~¢+2) = HP(A).; if and only
if NP,(det(1 — TM) mod T9“+2) = HP(A).;. That is, it is enough to show
NP, (det(1 — TM) mod T9-%+2) = HP(A) ;.

Let M. be the principle submatrix of M consisting of all C’}Ll’f ; with

0<n<d;—1 forJ;=1;
1<n<dy—1 forJ; =2
1<n<dy for J; > 3.

One notices that M1 has d — £+ 1 rows in total. By (21), every row of M outside
these d—£¢+1 rows has its minimal p-adic valuation greater than or equal to 1. From
matrix arithmetic of Fredholm theory, it is not hard to conclude that all segments
of NP, (det(1—TM)); have to “come from” det(1—TML) in the following sense.
In (20) let ¢t be the biggest integer such that NP, (ZZ:O CiT*) has all slopes less
than 1, then for all £ < n one has C, = detN where N ranges over all k x k
principal submatrices of M.

Now we assume that p = 1 mod (lcm d;) where j ranges from 1 to £. By Remark
1.4, the slope-0 segment of the Hodge polygon is always achieved. This saves us
from considering the corresponding rows in M<;. By Theorem 3.5, for J; = 1,2
(resp. J1 > 3) one has that C77"'; in the submatrix M<; achieves its minimal row
p-adic value ﬁ (resp., Z—:ll) uniquely at n = ¢. In summary, all minimal row p-adic
valuations are achieved uniquely on the diagonal of M ;. These minimal row p-adic
valuations are precisely the rational numbers less than 1 listed in (1). By arithmetic
of Fredholm theorem and analysis in Part 1, NP,(det(1 — 7M) mod T9%+2) =
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NP, (det(1 —TMc1)) = HP(A)<q. Combining with the above paragraph, we have
shown that NP, (det(1 —7M,) mod 79 *+2) = HP(A);. By Proposition 2.10, one
concludes that NP(f;F,) = HP(A).

Conversely, suppose NP(f;F q) coincides with Hodge. By the above argument,
one has m;(M) = m; for all i. Because every minimal row p-adic valuation is
achieved only at J = J; (it lies in the diagonal blocks in the matrix M), the
Newton polygon of M lies above the end-to-end join of those of M; for 1 < j < ¢
where M; := {CZ;}lSn,ide—l~ Thus the Newton polygon of M, has to coincide
with its Hodge (its Hodge polygon is defined in the obvious sense). By the remark
in the second last paragraph in Section 1, one can shift the pole to co so that we
may assume p Z 1 mod d;. Since ordp(C'ﬁ’f) = n/d; for some 1 < i, <d; —1 for
all 1 <n < d; — 1, by Theorem 3.4, the condition C(np — i,,d;) holds, and it is
np = i, mod d;. Since p Z 1 mod dy, one has n # i, for every n. From simple
linear algebra, one sees that the first slope of the Newton polygon of M is greater
than or equal to ordp(Cllﬁl) > 1/dy. A contradiction.

This finishes the proof of Theorem 1.1.
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